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Abstract
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1 Introduction

kokokokokok

2 Classical metheods

2.1 History in brief

Before explaining the results for sub-diffusive cases, let us very briefly overview the history for
diffusive cases. See [30, 72] etc. for details.

For any divergence operator £ = Z:L i1 B%i(aij (az)%) on R" satisfying a uniform elliptic con-
dition, Aronson ([2]) proved (2.1) with p(B(z,t/?)) =< %2, Later in the 20th century, there were
various outstanding results in the field of global analysis on manifolds. Let A be the Laplace-Beltrami
operator on a complete Riemannian manifold X with the Riemannian metric d and with the Rieman-
nian measure p. Li-Yau ([65]) proved the remarkable fact that if X has non-negative Ricci curvature,

then the heat kernel p;(z,y) satisfies

d(z,y)?

Cgt

“ d(‘x?y)Q Co
W eXP(_T) < pe(z,y) < W exp(—

). (2.1)

A few years later, Grigor'yan ([39]) and Saloff-Coste ([73]) elegantly refined the result and proved,
in conjunction with the results by Fabes-Stroock ([34]) and Kusuoka-Stroock ([63]), that (2.1) is
equivalent to a volume doubling condition (VD) plus Poincaré inequalities (PI(2)) —see Appendix
for definition. The results were then extended to the framework of Dirichlet forms in [75, 76, 20], to
the framework of graphs in [32]. Detailed heat kernel estimates are strongly related to the control
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of harmonic functions, i.e. elliptic and parabolic Harnack inequalities (EHI), (PHI(2)) on X. The
origin of ideas and techniques used in this field go back to Nash ([70]), Moser ([68, 69]) and there
are many other significant works in this area. Summarizing, the following equivalence holds.

(2.1) & (VD) + (PI(2)) < (PHI(2)). (2.2)

An important corollary of this fact is, since (VD) and (PI(2)) are stable under certain perturbations
of the operator, that (2.1) and (PHI(2)) are also stable under these perturbations.

2.2 The Nash inequality

Let X be a locally compact separable metric space and let (€, F) be a Dirichlet form on L?(X, ). Let

—A, {P;} be the corresponding non-negative self-adjoint operator and the semigroup respectively.
The next theorem was proved by Carlen-Kusuoka-Stroock ([25]), where the original idea of the

proof of 1) = 2) was due to Nash [70].

Theorem 2.1 (The Nash inequality, [25])
The following are equivalent for any 6 > 0.
1) There exist ¢,0 > 0 such that for all f € F N LY,

1A% < e(€CF, 1) + ol AN A1, (Nash)

where || f|l, == (fy |f[Pdp)"/?.
2) For allt > 0, P,(L') C L* and it is a bounded operator. Moreover, there exist ¢y, > 0 such that

1Pel1—oe < 26”707, vt > 0.
Here || Pi|l1—o0 is an operator norm of P, : L' — L°°.

In order to prove the theorem, we prepare a lemma. For the lemma, £ should merely be a sym-
metric closed form on a Hilbert space H. Set £(+,-) = £(+,-) + (-, -), where (-, -) is the inner product
of H. (Then (£, F) is a Hilbert space.) Throughout this subsection, we refer to [Kig].

Lemma 2.2
a) For all f € Dom(—A), E(P.f, P.f) is monotonically decreasing ont > 0 and limy o E(Pf, P f) =

E(S, 1)
b) { P} is a strongly continuous semigroup on (€1, F).

c) Assume that { P} is a Markovian semigroup on L*(X, u). Then |Pf]ly < ||fll1 for all f € L*NL*.

PrROOF. a) Note that A is the generator of {F,;}, so that P.f € Dom(—A). Note also that for
f,g9 € Dom(—A),

P, -1 P, -1

E(P.f,g) = —(Ef,Ag)Z—(APtf,g)z—lgfg( : Ptf,g)z—lg?ol(Pt h f:9)

Now let u(t) = E(Pyaf, Pyyaf). Then, using (2.3), u(t) = E(f, B.f) = —(Af, P.f), so that v/(t) =
—(Af,APf) = —=(Af, BAf) = —(PyoAf, PpAf) < 0. Thus, u(t) is monotonically decreasing.
Since { P} is strongly continuous, u(t) = —(Af, P.f) — —(Af, f) = E(f, f) ast | 0.
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b) The semigroup property is clear, so we first prove the contraction property. Note that Dom(—A)
is dense in F wrt. &;. For any f € F, take {f,} € Dom(—A) so that f, — f in £. By
a), E(Pyfn, Pifn) < E(fn, fn) and {P,f,}, is an E-Cauchy sequence. Since {P,f,}, is an H-Cauchy
sequence as well, and P, f,, — P,f in H, it follows that P,f,, — P,f in £;. Hence E(P.f, P.f) < E(f, f).
Strong continuity of { P} can be proved using a) and the approximation by a sequence in Dom(—A).
c) First, we show that if 0 < f € L?, then 0 < P,f. Indeed, if we let f,, = f - 1-1(jo,n)), then f, — f
in L2, Since 0 < f, < n, the Markov property of {P,} implies that 0 < P, f, < n. Taking n — oo,
we obtain 0 < P, f. Using this, we have P;|f| >| P.f|, since —|f| < f < |f|. Using this fact and the
Markov property, we have for all f € L? N L' and all Borel set A C X,

(1Pef1s 1a)2 < (Pl f] Ta)2 = (If], Bla)z < ([ £l

where (f,9)2 == [y f(z)g(x)du(z) for f,g € L*. Hence we see that P,f € L' and | P f|l; < || f]. O
PROOF OF THEOREM 2.1: 1) = 2) : Let f € L* N L' with || f||; = 1 and u(¢) := (P.f, P.f)2. Then,

u(t + hf)L —u(t) — %(Pt—o—hf + Pif, Ponf — Pif)2a = (Poynf + Bif, w&

M 2R, APS), = —26(Pf, Pif).

Hence u/(t) = —2E(P,f.P.f). Now by 1),
2u(t) 7 < e (= () + 20u() PR < er(—u (1) + 26u(t)),
because ||P.f|li < ||f]l1 =1 (by Lemma 2.2 ¢)). Thus,
2(e™ 20ty (1)) 20 < 2e By ()0 < —cy (e Ptult)).

Set v(t) = (e72*u(t))~%/%, then we obtain v'(t) > 4/(c16). Since lim; o v(t) = u(0)~2/? > 0, it follows
that v(t) > 4t/(c16). This means u(t) < c2e?t~%/2 where c; = (c10/4)%/%. Hence

1P fll2 < ese®t )| £, VfeL*nLY,

which implies || P[[1—2 < c3e®t=4. Since P, = Pyj3 0 Pyjs and || Pyjal1—2 = || Pij2]l2—00, we obtain 2).
2) = 1): Let f € FN L' Then, for 0 < e < t,

0

(eitstptfv f)? = <€756P6f7 f)2 - / (g(eiéspsf)’ f)2d8

= (e%P.f, f)2 _/ e (61 = A)Pyf, [)ads.
Using Lemma 2.2 b),

6765«51’ - A)PSfa f)2 = 66765(Ps/2f7 Ps/2f)2 - eiés(Ps/QAPs/Qfa f)2
= 6 % (Pyjaf, Pojaf )2 + € E(Pyjaf, Pojaf)2 < 8| fll5 + E(f, f).

On the other hand,
(Pif, P2 < 1P h—ooll 1T < ca®t 2| I3,

where we used 2) in the second inequality. Combining these, we have
call FITE2 = (€7 Pef, fla = (t = e)SIFI5 + E(F F)).
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Letting € | 0, we obtain
call FIREOZ + QA+ EC ) = MIflE - vE>0.
Now taking ¢ = {eall f12/(SI1F113 + E(f, £))}/@+0), we obtain 1). =

Corollary 2.3 Suppose the Nash inequality (Theorem 2.1) holds. Let ¢ be an eigenfunction of —A
with eigenvalue A > 1. Then

lolloo < csA” ol

where c3 > 0 is a constant independent of ¢ and A.

PROOF. Since —Ayp = g, Pp = ety = ¢ Myp. By Theorem 2.1, ||Pl|s—oe = || P||1%., < crt=0/4
for t < 1. Thus

e Melloe = [1Piglloo < ext™ o]
Taking t = A\~! and c3 = c;e, we obtain the result. O

Remark. Generalizations of Theorem 2.1 are given in [28, 77] etc. In subsection 8.1, we give a
localized version of such generalizations.

2.3 The Davies method

In [31] (see also [30]), E.B. Davies gave a general method to obtain the Gaussian off-diagonal estimate
from the Nash inequality. This method also gives the explicit constant in the exponential term of
the estimates.

Let Fi={h+c:he&FypceR}and Fu = {h € F: e 2T (e?, ¥) < p,e®T (e, e7¥) < pu}.
The following version of is due to Carlen-Kusuoka-Stroock ([25]).

Theorem 2.4 ([25] Theorem 3.25) Assume (Nash). Then, there is a constant ¢ > 0 such that for
each p € (0,1],

ez, y) < c(pt) "2 BT Y+t fort >0 and x,y € X, (2.4)
where

E(t,z,y) == sup{[¢(z) — ¥(y)| — tA(¥)* : A(¥) < oo}

with
de 2T'(e¥, e¥)

dp

lloos |

AW = max{ N

dp
The key inequality for the proof is
E(V 1 e f) = p (7, 1) — IpA W) £,

which holds for all f € F and all p € [1,00) (see Theorem 3.9 [25]). Indeed, let fy(z) :=
e?@[P,(e ¥ f)](x) and apply this inequality and (Nash) to

0 1
oI fillsy = =2pE(e” f77, 7 fu).

One then obtains a differential inequality. Handling the inequality in a suitable way (Lemma 3.21 in
[25]), (2.4) can be obtained.



Now consider the divergence operator £ =", 2 (a;(z) a?; ) on R" satisfying a uniform elliptic

condition; 07T < a(-) < oI for some o > 1. In this case, (Nash) holds with § =n, § = 0 and
A)* = sup(Ve(x), a(2) V().
Let p = 1. Taking ¢(z) = 6 - x for some 6 € R" in (2.4), we get
pe(z,y) < et exp(f - (x — y) + 2||0]]*0t).
Taking 6 = (y — x)/(40t), we obtain

ly — xf?
8ot

)7

pe(w,y) < et "2 exp(—

and the Gaussian upper bound is obtained.
In fact, we can get much sharper estimate. Let

dg(w,y) == sup{v(x) = ¥(y) : ¥ € Fuo N C(X), A(¥)) < 1}.

This is a metric and sometimes called an intrinsic metric. By a simple computation, we see

de(x,y)?

E((1+p)t, x,y) = e

So, we conclude

dg(%y)?)

41+ p)t”

Remark. For the case discussed from Section 3 (when [ > 2), this method does not work.

Indeed, it is known that for diffusions on ‘typical’ fractals, the energy measure is singular to the
Hausdorff measure (47, 61]) so dg(z,y) = 0.

pe(z,y) < er(pt) ™% exp(—

2.4 Moser’s arguments

In [69], J. Moser proved elliptic Harnack inequalities ((EHI) — see subsection 3.2 for definition) for
harmonic functions of some class of differential operators (uniform elliptic divergence forms). There
the famous Moser’s iteration arguments were used. He then extended the methods and proved the
parabolic Harnack inequalities in [68]. Later, the arguments were simplified in [67]. In this subsection,
we will overview his arguments.

For simplicity we give the argument for the Laplace-Beltrami operator on a Riemannian manifold
X satisfying (VD), (PI(3)) (see subsection 3.2 for definition) and with regular volume growth

clra S ,LL(B(LU,T)) S CQTQ7 VS X7 r Z 1.

Let p be the Riemannian measure on X, and write

1= [ an

From (PI(/)) one obtains (see [72], [73] Section 5.2) the Sobolev inequality
(L) " <cnsf o, (2.5)
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for f € C§°(B), where B has radius R > 1 and k = &/(a — 2) where @ =3V a.

Since we are now treating the Laplace-Beltrami operator, dU(f, f) = |V f|?du for f € F. Let
u > 0 be harmonic on B (note that w is continuous in B in this case). Let v = u? for p > 0,
1/2 < as < a1 < 1, B; := B(xg,a;R) and ¢ € C°(B;) be a cut-off function for By C B;. By
“converse to the Poincaré inequality” (see Lemma 4.6 below),

Vol <ol Vel [ o 26)

By By

Using (2.5) with f = v and (2.6),

(f W2 < chﬁ][ Vol? < chﬂ][ 2|Vl < C4Rﬁuw|ygo/ o2,
Bs Bo By B

Taking the “classical” cut-off function p(z) = A=E)we have ||[Vg||2, < o ayzre- Lhus

R(a1—a2) = {a1—a2)?R2"
(][ uP)E < g RP2(ay — ag)_2][ u® . (2.7)
B2 Bl
Now, let ap = (1 + 27%)/2,pr = pr* and By = B(zg,arR). (Then ap — apy1 = 27%72) Set
I, = ()%kﬂquk)l/@pk). Then, by (2.7) we have

Iy < (C7R’6_222k)1/(2pk)]k.
By iteration (this part is the first part of Moser’s argument), we have
I, < H;‘:Ol (C7Rﬂ—222l)1/(2pz)]0 < 08R6/</B_2)]0‘

Here the last inequality is due to the fact Y, k™" < oo and Y, Ik~ < oo, because k > 1. Take
k — oo. Since pr — oo and u is continuous, we have

sup  u(y) < cBRC/(BZ)(][ u?P)V ) = REPDP(2p, B).
y€B(x0,R/2) B

Thus, when § = 2, by the second part of Moser’s argument (which gives the comparison between
®(2p, B) and ®(—2p, B)) gives

sup u < P(2p,B) < ®(—2p,B) <c¢3 inf w
B(zo,R/2) B(zo,R/2)

and (EHI) is proved.

Remark. If § > 2, one still obtains an L* bound on w in B(z, R/2), but the constant now
depends on R, so that the final constant in the (EHI) will also depend on R! Similar problems would
arise if one tried other approaches, such as that in [34]. As we see, the problem arises in the first
(‘easy’) part of Moser’s argument. Instead of the linear cut-off functions, one needs cut-off functions
such that the term R°~2 in the right hand side of (2.7) disappears.



3 Framework and main theorem

3.1 Framework

We will consider two classes of spaces, namely metric measure Dirichlet spaces and weighted graphs.

Metric measure Dirichlet spaces  Let (X,d) be a connected locally compact complete separable
metric space. We assume that the metric d is geodesic: for each z, y € X there exists a (not necessarily
unique) geodesic path y(z,y) such that for each z € v(x,y), we have d(z,z) + d(z,y) = d(z,y).
Let © be a Borel measure on X such that 0 < u(B) < oo for every ball B in X. We write
B(z,r) ={y : d(z,y) < r}, and V(z,7) = p(B(z,r)). Note that under the assumptions above, the
closure of B(x,r) is compact for all x € X and 0 < r < oo. For simplicity in what follows, we
will also assume that X has infinite diameter, but similar results (with obvious modifications to the
statements and the proofs) hold when the diameter of X is finite. We will call such a space a metric
measure space, or a MM space.

Now let (€, F) be a regular, strong local Dirichlet form on L*(X, u1): see [35] for details. We denote
by A the corresponding (non-positive) self-adjoint operator; that is, we say h is in the domain of A and
Ah = fithe Fand E(h,g) = — [ fgdu for every g € F. Let { P} be the corresponding semigroup.
(€, F) is called conservative (or stochastically complete) if P,1 = 1 for all ¢ > 0. Throughout the
paper, we assume that (£, F) is conservative. Since & is regular, £(f, g) can be written in terms of
a signed measure I'(f, g). To be more precise, for f € F; (the collection F, is the set of functions
in F that are essentially bounded) T'(f, f) is the unique smooth Borel measure (called the energy
measure) on X satisfying

/X GdU(f.f) = 26(f. ) — £(f*.g). g€ Fo

where ¢ is the quasi-continuous modification of g € F. (Recall that v : X — R is called quasi-
continuous if for any € > 0, there exists an open set G C X such that Cap(G) < € and u|x\g is
continuous. It is known that each u € F admits a quasi-continuous modification u — see [35], Theorem
2.1.3.) Throughout the paper, we will abuse notation and take the quasi-continuous modification of
g € Fy without writing g. I'(f, g) is defined by

D(f.0)= S(O(F +9.f +9)~T(F.F)~Tla.a)).  fg€F

['(f,g) is also local, linear in f and g, and satisfies the Leibniz and chain rules — see [35], p. 115-116.
That is, if fi,..., fm,9, and @©(f1,..., fim) are in F,, and ¢; denotes the partial derivative of ¢ in
the i*" direction, we have:
dU'(fg,h) = fdl'(g,h) + gdU(f, h),
d0((frs- - )i g) =D @ilfis - fu)dD (£, 9).
i=1

We call (X,d, i, E) a metric measure Dirichlet space, or a MMD space.

Let Y = (V;,t > 0,P°,x € X} be the Hunt process associated with the Dirichlet form &£ on
L*(X, 1) — see [35], Theorem 7.2.1. Since & is strongly local, by [35], Theorem 7.2.2 Y is a diffusion.

Examples. 1. If X is a Riemannian manifold, we can take d to be the Riemannian metric and p the
Riemannian measure. The Dirichlet form £ is defined by taking its core C to be the C* functions



on X with compact support, and defining

E(f.f) = /X VfPdu. fec.

The domain F of £ is then the completion of C with respect to the norm ||f|| + £(f, f)*/?, and
dl'(f,9) =V f-Vgdu.

2. Cable system of a graph. Given a weighted graph (G, E,v) (see Definition 2.13 below) we can define
the cable system G¢ by replacing each edge of G by a copy of (0, 1), joined together in the obvious way at
the vertices. For further details see [9] etc. Let p be the measure on G¢ given by taking dpu(t) = vy dt for t
in the cable connecting = and y, where v, is the conductance of the edge connecting  and y; see [9]. One
takes as the core C the functions in C'(G¢) which have compact support and are C! on each cable, and sets

E(f.f) = /G (1) Pdu().

One use of this construction is that the restriction to G of a harmonic function h on G¢ yields a harmonic
function on G.

3. Let D be a domain in R? with a smooth boundary. Then let C = C3(D),  be Lebesgue measure,
and

E(f.f) = /D V£ P

The associated Markov process Y is Brownian motion on D with normal reflection on 0D. For the extension
of this construction to piecewise smooth domains such as the pre-Sierpinski carpet, see [10].

4. For fractal sets it is not as easy to describe €. However, let ' C R? be a connected set with diameter
1, and suppose that there exists a geodesic metric d on F. Let pu be the Hausdorff a-measure on F' (with
respect to d) and suppose that

ar® < pu(B(z,r)) < cor®, ze€F,r>0.

Let

Nowo(f) = sup r—o2 /F /F Lty @) (@) — ) Pdu(@)dp(y),

0<r<1
Jo(F) = {u€ L*(F,u): Nyoolu) < oo}

2,00

There exist many fractals satisfying the above with a Dirichlet form & on L?(F, i) for which the domain F
of £ is given by A%2 and 1 NG oo(f) S E(f, f) < caNooo(f); see [37, 60] ete.

2,007
In the particular case of the (compact) Sierpinski gasket F' = Fsq, let F,, be the set of vertices of
triangles of side 27"; regard Fj, as a graph with x ~ y if and only if x and y are in some triangle of side

27", Then for [ € Ag/fo with # =log5/log 2, one has

E(f,f)=c lim (5/3)" ) (f(x) ~ ().

r~y

Weighted graphs Let (G, E) be an infinite locally finite connected graph. We write x ~ y if (z,y) € E,
i.e., there is an edge connecting « and y. Define edge weights (conductances) fizy = pyz > 0, z,y € G,
and assume that p is adapted to the graph structure by requiring that p;, > 0 if and only if  ~ y. Let
fo = D, Moy, and define a measure pon G by u(A) =3, 4 pa. We call (G, 1) a weighted graph.

We write d(z,y) for the graph distance, and define the balls

Be(z,r) ={y : d(z,y) < r}.
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Given A C G write 0A = {y € A° : d(z,y) = 1 for some x € A} for the exterior boundary of A, and let
A= AUOJA.
A weighted graph (G, ) has controlled weights if there exists pp > 0 such that for all z,y € G

@Zpoa T n~y.
K

This was called the pp-condition in [41].
The Laplacian is defined on (G, ) by

Af(x) = Mi S ey () — £(2).

We also define a Dirichlet form (£, F) by taking F = L?(G, i), and

E(,9)=35Y_ ) (f@) = FW)(9(x) = 9))ttay, f.9 € F.

If f € F we define the measure ' (f, f) on G by setting

Lolf, @) =Y (f&) = F©)* tay-

y~w

Let Y = {Y;};+>0 be the continuous time random walk on G associated with £ and the measure . When
the natural weights are given on GG, Y is called the simple random walk on GG. Y waits at x for an exponential
mean 1 random time and then moves to a neighbour y of & with probability proportional to ji,,. We define
the transition density (heat kernel density) of Y with respect to p by

q(w,y) = P*(Yy = y) /. (3.1)

3.2 Inequalities

In this subsection, we will define various inequalities for later use. Here we state under the framework of
MMD spaces. Similar definition can be given for weighted graphs. For weighted graphs case, we will consider
only global structures, so, for example R > 1, ¢t > 1 in the following inequalities.

Let 3,3 > 2 and

B oifs<1
U(s)=W7,(s)=<5 US> 3.2
(s) B’B() {sﬁ if s >1. (32)

U(s) will give the space/time scaling on the space X. Generalization of this time scaling factor (for instance,
simply assuming (8.1)) may be possible, but we do not pursue it here.

(I) X satisfies volume doubling (VD) if there exists a constant ¢; such that

V(z,2R) < 1V(z,R) forallze X, R>0. (VD)
(IT) X satisfies the Poincaré inequality (PI(V)) if there exists a constant cp such that for any ball B =
B(z,R) C X and f € F,

[ (0@) = FoPdu(o) < cxum) [ ar(s.p), (P1(®))
Here fp = pu(B)™" [ f(x)du(z).

(ITT) We say a function u is harmonic on a domain D if u € Fj,. and E(u,g) = 0 for all g € F with support
in D. Here u € Fj,. if and only if for any relatively compact open set GG, there exists a function w € F
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Figure 1: Parabolic Harnack inequality

such that u = w p-a.e. on G. See page 117 in [35] for the definition of £(u, g) for u € Fj,. when (€, F) is
a regular, strong local Dirichlet form. Functions in F are only defined up to quasi-everywhere equivalence;
we use a quasi-continuous modification of u. X satisfies the elliptic Harnack inequality (EHI) if there exists
a constant c3 such that, for any ball B(x, R), whenever u is a non-negative harmonic function on B(x, R)
then there is a quasi-continuous modification @ of u that satisfies

sup u<cg inf . EHI
B(z,R/2) B(z,R/2) ( )

Note that by a standard argument (see subsection 9.3) (EHI) implies that @ is Holder continuous.
(IV) Let Q = Q(x0,T, R) = (0,4T) x B(xo,2R) =: I x Bag. Let u(t,z): Q — R.

o We define u; = % € L%(dt x 1) as the derivative in the Schwartz’ distribution sense. That is, we define
ut to be the function f in L?(dt x u) so that for any function g : @ — R such that g(z,-) € C$(0,47)
for each x € B(xo,2R) and g; = % € L?(dt x y), then

/Q (f (2, )g(z,t) +u(z, t)gi(z,t)) dt du(z) = 0.

e Let H(I — F*) be the space of functions u € L?(I — F*) with the distributional time derivative
ug € L?(I — F*) equipped with the norm

(/]HU(t,.)y%__* + e, ')||‘27:*dt)1/2.

Here we identify L?(X, u) with its own dual and denote the dual of F by F*. So, F C L*(X,u) C F*
with continuous and dense embeddings.

Let F(I x X) = L*(I — F)N H(I — F*) be a Hilbert space with norm
1/2
ey = (e B + e, )

e We define Fi,.(Q) to be the set of dt ® du-measurable functions on @ such that for every relatively
compact open set D CC Byp and every open interval I’ CC I, there exists a function v’ € F(I x X)
with u =u' on I’ x D. We define

Fe(Q) :={u e F(I x X) :u(t,-) has compact support in By for a.e. t € I'}.
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We say a function u(t,z) : @ — R is a solution of the heat equation in @ if u € Fj,.(Q) and

/J [/f(t,x)ut(t,z)u(da:) +E(f(t,),ult,))|dt =0, VJcCCI, VfeF.Q). (3.3)

X satisfies the parabolic Harnack inequality (PHI(W)), if there exists a constant ¢4 such that the following
holds. Let o € X, R > 0, T'= ¥(R), and u = u(t,z) be a non-negative solution of the heat equation in
Q(zo,T, R). Write Q_ = (T,2T) x B(xo,R) and Q4+ = (3T,4T) x B(xo, R); then there exists @ = u(t, z)
such that u(t,-) is a quasi-continuous modification of u(t,-) for each t and

sup @ < ¢4 inf @. (PHI(¥))

Q_ Q+

Given this (PHI(V)), a standard oscillation argument implies that @ is jointly continuous.

Remark. In the case of general MMD spaces we can only define harmonic functions up to quasi-
everywhere equivalence. This is why we needed to be careful in our definitions of (EHI) and (PHI(V)).

(V) Let A, B be disjoint subsets of X. We define the effective resistance R(A, B) by
JuABy4:m%/}wqjnyOOHAMMf:1on&fef} (3.4)
b's

X satisfies the condition (RES(W)) if there exist constants c1, c2 such that for any 9 € X, R > 0,

U(R)
V(.CE(], R)

U(R)

< R(B(SL‘Q,R),B({L‘Q,QR)C) < CQW.

¢ (RES(W))

(VI) X satisfies (CS(W)) if there exist 6 € (0, 1] and constants c1, c2 such that the following holds. For every
zo € X, R > 0 there exists a cut-off function p(= ¢z, r) with the properties:

(a) p(x) > 1 for x € B(xg, R/2).
(b) ¢(z) =0 for = € B(xo, R)°.
(c) le(@) — ()| < er(d(w,y)/R)° for all zy.
(d) For any ball B(z,s) with 0 < s < R and f € F,
2 26 -1 2
[ o sawnt ([ agpcee [ fa) (35)

Remarks. 1. We call (3.5) a weighted Sobolev inequality. It is clear that to prove (3.5) it is enough to
consider nonnegative f.
2. Suppose (CS(¥)) holds for X, but with (a) above replaced by

o(x) > 1 for x € B(xo,0R),

for some § < 1. Then an easy covering argument (using (VD)) gives (CS(¥)) with § = 3.
3. Let A > 1. Suppose that (CS(¥)) holds, except that instead of (3.5) we have

/| LTG0 < s/ P / U ) /

B(z,\s)

f2dﬂ)-

Then once again it is easy to obtain (CS(¥)) with A = 2 by a covering argument.

4. Any operation on the cut-off function ¢ which reduces dI'(¢, ¢) while keeping properties (a), (b) and
(c) of (VI) will generate a new cut-off function which still satisfies (3.5). We can therefore assume that any
cut-off function ¢ satisfies the following: (a) 0 < ¢ < 1. (b) For each t € (0,1) the set {z : ¢(x) > t} is
connected and contains B(zg, R/2). (c) Each connected component A of {z : p(z) < t} intersects B(xg, R)°.
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5. Note that if (CS(¥)) holds for ¥ = U5 4, then (CS(¥5 4)) holds if 3’ > § and 5’ < §.
(VII) For (t,7) € (0,00) x [0, 00), let

ﬁ)l/(ﬁ—l))

A ={(t,r):t<1vr}, Ao={(t,r):t>1Vr}, and gg(r,t):exp<—(t

We say X satisfies (HK(W¥)) if the heat kernel p;(z,y) on X exists and satisfies

Clgg (CQd(xa y)v t) ngB(C4d(fE, y)’ t)

7 < gz y) < ARy 3.6
for z,y € X and t € (0,00) with (¢,d(z,y)) € A1, and
€195 (CQd(xa y)v t) < < nglg(04d($, y)’ t)
3.7
Vi By <Py S TUr e (3.7
for x,y € X and t € (0,00) with (¢,d(z,y)) € As.
Let h(r) = ¥(r)/r. It is easy to see that (HK(¥)) is equivalent to the following:
C1 ch(x7 y) C3 C4d(l‘, y)
__ __28Y) ) < <3 _ AR Y) .
W%WW»M% wwmme—ML”—w%ww»m% mwmmw» (38)

for all z,y € X and t € (0,00) where we let d(z,y)/h~(t/d(x,y)) = 0 if d(x,y) = 0. We sometimes refer
the first inequality of (3.8) as (LHK(V)) and the second inequality of (3.8) as (UHK (V)).

Remark. To understand why the crossover takes the form it does, it is useful to consider the contribution
to p¢(z,y) from various types of paths in X. Let r = d(x,y). First, if 0 < ¢ < 1 and r < 1 then the behaviour
is essentially local.

If r > t then we are in the ‘large deviations’ regime: the main contribution to p;(x,y) is from those
paths of the Markov process Y which are within a distance O(t/r) of a geodesic from z to y. So, once the
length of the geodesic is given, only the local structure of X plays a role. Note that in this case the term
in the exponential is smaller than e~ so that the volume term V(x,t/%)~! could be absorbed into the
exponential with a suitable modification of the constants co and c4.

Finally, if ¢ > 1 and r < t, then the paths which contribute to p:(x,y) fill out a much larger part of X:
those which lie in B(z,t'/#) if r < t'/8, and those which are within a distance O(t/r?~1) of a geodesic from
x to y in the case when t1/8 <r<t.

(VIII) We say X satisfies (VD)o if (VD) holds for z € X, 0 < R < 1. Similarly we define (PI(5))ioc,
(EHD)10¢, (CS(8))10c and (PHI(B))10c by requiring the conditions only for 0 < R < 1. For (HK(f))oc we
require the bounds only for ¢ € (0,1) — so only (3.6) is involved. The value 1 here is for simplicity: each
of the local conditions implies an analogous local condition for 0 < R < Ry for any (fixed) Ry > 1 — see
Section 2 of [46].

Finally, we introduce two local notions which do not include any scaling order.
(IX) (a) We call ¢ a cut-off function for A; C Az if ¢ =1 on A; and is zero on AS.

(b) We say X satisfies (PI)o. if for each ¢; > 0, there exists ca > 0 such that

/U@—EﬂM@SQ/M@ﬁ
B B
for any ball B = B(x,c1) C X and f € F.

(c) We say X satisfies (CC)o if for every zg € X, there exists a cut-off function p(= ¢, ) for B(xg,1/2) C
B(xp,1) such that

/ dr(% 90) S C3V(CEO, 1)7
B(zo,1)

where c¢3 > 0 is independent of g and .
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Remark. (CC) stands for ‘controlled cut-off” functions. Clearly (PI(B))10c for any 3 > 2 implies (PI)joc
and (CS(f))1oc for any 5 > 0 implies (CC)jpc-
(X) X satisfies the condition (E(WV)) if for any g € X, R > 0,

A W(R) < E[rp(p, m) < x¥(R), (B(®))

where 74 = inf{t > 0:Y; ¢ A}, Y; is the strong Markov process associated to the Dirichlet form (&, F),
and E* denotes the expectation starting from the point zy. The first inequality in (E(W)) is referred as
(E(¥)>) and the second is referred as (E(¥)<).

Remark. The conditions (VD), (EHI) and (PHI(V)) for graphs are defined in exactly the same way as
for manifolds; see [9]. The definitions of (PI(¥)) and (RES(¥)) are also the same. For the bound (HK(¥))
we only require (3.7). The condition (CS(¥)) is also the same; the weighted Sobolev inequality (3.5) takes
the form

> f@Telep)@ <ol ( Y T H@ T Y wf@?).
z€Bg(71,s) z€Bg(z1,2s) r€Bg(71,23)

It is easy to check that (PI)ioc and (CC)jpe hold_for any weighted graph with controlled weights. In fact,
(PI(8))10c and (CS(8))10c hold for any choice of 8 > 2 on such graphs, since it is irrelevant to treat R < 1
for graphs.

We summarize the conditions we have introduced:

(VD) Volume doubling

(PI(¥)) Poincaré inequality

(EHI) Elliptic Harnack inequality
(PHI(W)) Parabolic Harnack inequality
(RES(¥)) Resistance exponent

(CS(¥)) Cut-off Sobolev inequality
(CC) Controlled cut-off functions
(HK(¥)) Heat kernel estimates

(E(¥)) Walk dimension

When 3 = 3, we would write (...(3)) instead of (...(¥)), for instance (PI(3)) instead of (PI(¥)).

3.3 Main Theorems

Our main theorem in this section is the following.

Theorem 3.1 Suppose that X is either an infinite connected weighted graph with controlled weights, or a
MMD space. The following are equivalent:

(a) X satisfies (PHI(V)).

(b) X satisfies (HK(W)).

(c) X satisfies (VD), (PI(V)) and (CS(V)).

(d) X satisfies (VD), (EHI) and (RES(V)).

(e) X satisfies (VD), (EHI) and (E(P)).

Stability We now discuss the stability of (PHI(¥)). We will actually discuss two kinds of stability.

Definition 3.2 A property P is stable under bounded perturbation if whenever P holds for (5(1),]:), then
it holds for (5(2),.7-"), provided

a&V(f, 1) <ED(f, f) < a€W(f, 1),  forall fEF. (3.9)
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The following result is due to Le Jan ([64], Proposition 1.5.5(b)). A simple proof is given in [66] p. 389.

Lemma 3.3 Let X be a MMD space. Suppose (E(i),}"),i = 1,2 are strong local regular Dirichlet forms that
satisfy (3.9). Then the energy measures T satisfy

e dCO(f, ) <dUA(f, f) < codUD(f, f),  for all f € F.

It is immediate from Lemma 3.3 that the conditions PI(V¥) and CS(¥) are stable under bounded
perturbations. So we deduce:

Theorem 3.4 Let X be a MMD space. Then (PHI(W)) and (HK(WV)) are stable under bounded perturba-
tions.

The second kind of stability is stability under rough isometries.

Definition 3.5 For each i = 1,2, let (X;,d;, i) be either a metric measure space or a weighted graph. A
map ¢ : X1 — Xo is a rough isometry if there exist constants ¢; > 0 and ca,c3 > 1 such that

Xo = U de(@(£)7cl)v

reX,

ey (di(@,y) — 1) < da(p(), p(y)) < e2(di(,y) + 1),
and
&5 1 (Bay (v, 1)) < pia(Bay (9(), 1)) < capn(Bay (a,e1).
If there exists a rough isometry between two spaces they are said to be roughly isometric. (One can check
this is an equivalence relation.)

This concept was introduced by Kanai in [53, 52]. A rough isometry between X; and X5 means that the
global structure of the two spaces is the same. However, to have stability of Harnack inequalities, we also
require some control over the local structure. In the case of graphs it is enough to have controlled weights,
but for metric measure spaces more regularity is needed. (In [53, 52] this local control was obtained by
geometrical assumptions on the manifolds).

The following theorem concerns the stability of (PHI(¥)) under rough isometries.

Theorem 3.6 Let X; be either a MMD space satisfying (VD)ioe and (Pl)oe or a graph with controlled
weights, and suppose there exists a rough isometry ¢ : X1 — Xo. Let U;(s) = sﬁil{sgl} + 351{521}.
(a) Suppose that Xo satisfies (PI((2))oc- If X1 satisfies (VD), (CC)ioc and (PI(¥1)) then Xs satisfies (VD)
and (PI(¥y)).
(b) Suppose that Xy satisfies (CS(B2))0c- If X1 satisfies (VD) and (CS(V¥1)) then Xo satisfies (VD) and
(CS(Vs)).
The proof of thie theorem is given in [14] ([44] for the case of weighted graphs).

By this theorem together with Theorem 3.1, we see that (PHI(¥)) is stable under rough isometries,
given suitable local regularity of the two spaces.
Examples 1) It is known that the simple random walk on the S.G. graph (the left of Figure 2) satisfies
(HK(log5/log2)) for t > 1. The graph on the right of Figure 1 is an image of the S.G. graph by a
rough isometry. So the simple random walk on the graph also satisfies (H K (log5/log2)), and thus satisfies
(PHI(log5/log?2)) for R > 1.
2) Figure 3 is a 2-dimensional Riemannian manifold whose global structure is like that of the S.G.. This
can be constructed from the left of Figure 1 by changing each bond to the cylinder and putting projections
and dents locally. The diffusion corresponding to the Dirichlet form moves on the surface of the cylinders.
Using Theorem 3.6, one can show that any divergence operator £ = Z? =1 aixi(aij (x)%) on the manifold
which satisfies the uniform elliptic condition enjoys (HK(2)) for ¢ < 1V d(z,y) and (HK (log5/log2)) for
t>1Vd(z,y).
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Figure 2: S.G. graph and its image by a rough isometry

Figure 3: Fractal-like manifold

4 Proof of Theorem 3.1

In this section, we will give the proof of the key part of the theorem. The proof of (b) < (a) and (d) = (e)
will be given in Appendix 2 (Section 9). Recall that h(r) = ¥(r)/r. We give some inequalities.

Cy
< — .
P (tp(am <1t) < Chexp ( - %) Vo€ X,rt> 0. (ELD(¥))
Cy
> .
pe(z,x) > Vi o) Vee X,t>0 (DLHK(V))
Cs .
> X h U < : NLHK (Y

pt(x7y) = V(JZ, \I/_l(t))’ Vo,y € X,t >0 wit (d(xay» < Cet ( ( ))

4.1 Proof of (e) = (b)

This is one of the most important part. Note that the existence of the heat kernel (especially the continuous
one) is highly non-trivial in this general setting. With extra work, we can prove the existence, but here we
will assume it to avoid the proof (which is already quite involved) more complicated.

For the proof, we first prove the following.

Proposition 4.1
(VD) + (DUHK(¥)) + (EHD) + (E(¥)) = (HK(¥)).

This proposition will be proved through several steps.
STEP 1: PROOF OF (E(V)) = (ELD(¥)). We first give the following key lemma due to Barlow-Bass.
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Lemma 4.2 Let {{;} be non-negative random variables. Suppose there exist 0 < p < 1 and a > 0 such that
P(é’b S t‘0(§17'”7§i—1)) §p+at7 Vt > 0
Then,

n
£\ 1/2 1
log P(Y & <t) < 2(%) ~nlog .
=1

Proor. We follow [7]. Let n be a random variable with distribution P(n <t) = (p + at) A 1. Then,

(1-p)/a
E(e™ o (&, +,&i-1)) < Be ™™ =p+ / e Madt <p—+ax.
0

So,
P(Zn: G<t) = Pl rimé>e M) < MEe A iz
i=1
< Mp+ar™hH" < pTexp(M + %).
The result follows on setting A = (an/(pt))'/2. O

PROOF OF (E(V)) = (ELD(V)). We first prove that there exists 0 < ¢; < 1 and ¢z > 0 such that
P Tz < 8) <1 —c1 +cas/¥(r) forall z € X, s>0. (4.1)
Indeed, by the Markov property, for each z € X we have
E'Tpam <5+ E Ly s B TB@m] < s+ B[y, 51 B Ta(x, 2] (4.2)
Applying (E(V)) and using the doubling property of h, which is due to the definition of ¥, we have
c3W(r) < s+ caW(2r) P (Tp(py) > 8) = s+ W (r)(1 — P (T < 5)). (4.3)

Rearranging gives (4.1).
Next, let [ > 1, b = r/l, and define stopping times o;, i > 0 by

o0=0, o041 =inf{t > 0;:d(Y,,,Y;) > b}.

Let & = 0, — 0i—1, © > 1. Let F; be the filtration generated by {Y; : s < t} and let G,,, = F,,,. We have
by (4.1)
P (61 < 1G)) = P (mpqr,, ) 1) < p 4 cat /W (D),

where 0 < p < 1. As d(Y,,,Y,,,,) = b, we have d(Yp,Y,) < r, so that o7 = 2221 & < Ty, S0, by
Lemma 4.2,

It It
log P* <t) < 2p MA(=2E /2 _10g(1/p) = V2 _ el
og (TB(x,r) = t) > 2p (\I/(T'/l)) l Og( /p) CG(W(T’/Z)) crl
Now take Iy € N the largest integer [ that satisfies
erlj2 > cg(—0 Y12 (4.4)
R TOD |

This is equivalent to 7/l > h~!(cst/r) where cs = 4c2/c2. Note that if r < h=!(cst/r), then (ELD(V))
clearly holds by taking ¢; > 0 large, so we may assume that (4.4) holds for small [ € N. Then

r

l -
0 1T (est/r)

< lo + 1, and log Px(TB(x,T) < t) < —C7l0/2.
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We thus obtain (ELD(¥)).

STEP 2: PROOF OF (VD) + (DUHK(V))+ (ELD(¥)) = (UHK(¥)). Fix x # y and t and let r :
d(x,y), e <r/6. For a € X, set Be(a) = {b € X : d(a,b) < e}. Let iy = p|p,(z), A1 = {2 € X : d(z,7)
d(z,y)} and A3 = X — A;. Then

IN IO

Pie(Yi € Be(y)) = PP (Y € Be(y), Vi € A1)
+ P (Y, € Bg(y),Y% €A =1 + L.

Now, letting 7 := Tp(; r/2), We have

_ '
I, < PP(Y; € Be(y), 7 < 5) = E“””(17<t/2/ ( )pt_T(YT,w)du(w))
Be(y

< PR(r<t/2)  sup  pya(z2)u(Be(y)).
2€B(z,r/2)UBc(y)

This is OK!! For z € Be(x), by (ELD(V)),

. t CoT
P*(TB(2/3) < 5) < cpexp ( - W)

Thus,
Cor

ha(  sp  psls)uBdouBw)en (- =)

For I1, by the symmetry of p;(x,y),
Pl (Y, € Be(y),Y: € A1) = Pl (Y, € Be(z),Y: € Ay)

which is bounded in exactly the same way as Is,where x and y are changed. Adding the bounds for I; and

I27
P (Y, € Be(y)) < e sup pesa(2,2) ) i(Be(@) p(Bely)) exp ( — ).
B(z,r/2)UB(y,r/2) h=1(t/r)
zeb(x,r UB(y,r

By (DUHK (¥)) and (9.1),

3 r+ U)o
sup Pija(z,2) < — — :
B /DB ) V(z, U7H(1)) ( w(t) )
If U(r) < t, this is bounded by ¢4V (z, ¥~1(¢))~L. If ¥(r) > ¢, then, for each € > 0, there exists c. > 0 such
that o1y
r+ W)\« €r
— - ) <ec.
( 0 ) e h*l(t/m) =

This is due to the following fact; M = r/¥~1(t) is equivalent to h(r/M) = tM/r, so that M < r/h=1(t/r).
In any case, we obtain

PI(Y; € Blw)) < g iy P BeDeB) e (= 1570 )
Dividing both sides by u(B(z)), u(Be(y)) and using the continuity of p;(z,y) gives (UH K (V)). O
STEP 3: PROOF OF (VD) + (ELD(¥)) = (DLHK(V)). Using (ELD(¥)) we have that

Px()/t §é B(QS‘,T)) < P(TB(x,r) < t) < crexp ( - %)
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Hence by choosing r such that c3¥(r) < t < ¢4 ¥(r) for some c3,cs > 0, we have
P*(Y; ¢ B(x,r)) <c5 < 1.

Thus P*(Y; € B(z,r)) > 1 —¢5 > 0. By Cauchy-Schwarz,

(1-aP < Pie Ban?= ([ pleduz)? < Vi rpaloa),
B(z,r)

Now, using the lower bound of our choice of ¢ and (VD), we obtain the result. O

Remark. By the same argument, we can obtain th following slightly stronger conclusion; Assume (V' D)
and (ELD(¥)). Then, there exist ¢1,c2 > 0 such that

C1
= m, Vx € X, R > O,t S (07 CQ\I/(R)] (45)
STEP 4: PROOF OF (VD) + (DUHK () + (EHI) + (E(¥)) = (NLHK (¥)). We follow the arguments in

[40, 42]. Fix 2 € X, t > 0 and set R := ¥~1(t/c) where ¢ > 0 will be chosen later. We can assume ¢ <c 2
where ¢z is given in (4.5). Hence, by (4.5)

C1
i (,2) > Vi o 11) (4.6)
where B := B(z, R). Set f(y) = 0;pP(x,y). Applying Proposition 9.9 to pP, we have, for y € B,
2 2
FWI < 2y/pha(@,)pBa.y) < 33/pua(e.2)py(y.9).
By (DUHK (¥)), we have
C1
pej2(z,7) < Ve O 1)
and
c1 ci V(w, U '(t))
< <
Pz Sl RT0) = Vi eT0) Vi, 0)
c1 d(z,y)\o _ ci(l+e)"
< 1 < — B
= V(e Ui(1) (1+ wl(@) SVeuip) vEP
for some a, &’ > 0 where we used (9.1) and the definition of R and ¥. Hence, by (VD), we have
co(14e=)2/2
<= A4 B. 4.7
10 < B Yue (4.7

Define u(y) = pP(z,y). Note that d;u = Apu and the Green operator G? is a bounded operator in L?(B)
and GP = (—Ap)~!. Thus, u = ~GB(Ou) = ~GPf. Let v > aa’/2 and apply Proposition 9.6 with 7+!
instead of €. Then, there exists § > 0 such that for any 0 < r < R,

Oscp(gsryu < 2(E(x,7) + €7+1E(x, R)|| fllco-
By (E(V)), we have E(z,7) < c3¥(r) and E(z, R) < c3V(R). Estimating || f||oc by (4.7), we obtain

U(r) + e TW(R) eyl +e)/2
t CV(z, UL(1)

OSCB(:L",(ST)U <
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By definition of R, we have
HU(R)
t

Choose r by the equation ¥(r) = ¥ W¥(R), which implies, by definition of ¥, » > §R for some &' > 0.
Hence, we obtain

=7,

2c47(1 + =) /2
Vi, UH(t))

By the choice of v > 0, 7(1 + 5‘0‘/)0‘/2 — 0 as ¢ — 0. So, choosing € small enough and combining (4.8)
with (4.6), we conclude that

OSCyEB(w,&S’R)ptB(x7y) < Oscp(zomu < (4.8)

01/2
V(x, U=1(1)’

which proves (NLHK (V)). O

STEP 5: PROOF OF (VD) + (NLHK(V)) = (LHK(¥)). First, since h(0) = 0, limy_,o h(t) = oo and h is
increasing, for all t > 0 and = # y € X, there exists ¢ := (¢, d(x,y)) > 0 such that

pe(z,y) > pP(z,y) > Vy € B(z,65'R),

cit < h(eo)d(z,y) < cat. (4.9)

Since there is nothing to prove when ¥(d(z,y)) < Cgt due to (NLHK(¥)), we will consider the case
V(d(z,y)) > Cgt, which means eg < czd(z,y) for some c3 > 0. From now on, we take ¢ := e(cit, d(z,y))
where ¢, € (0,1) will be chosen later. Since ¢ < g, we still have ¢ <c 3d(z,y).

For ¢4 > 2¢c3 Vv 1, take N € N such that

€ €
and let {xz} Yy be such that z¢g = z,zny = y and d(zj, xj41) < e for i = 0,1,---, N — 1. Such a sequence

exists by the choice of N and by the fact that d is a geodesic metric. We then have

pe(z,y) = /X EE /Xpt/N(«T,Zl)Pt/N(Zl,Zz) ~pyn(zN—1,y)du(z1) - - - dp(zn-1)
> [ [ e sm ) (e ) dueyo). (41)
B(CC1,£) B(Z‘N 1y ))
Clearly d(z;, zi+1) < 3e. Now, by (4.9) applied to € and by (4.10), we have
U 1(61636* ) <e< N <C264C* )
N
By definition of ¥, taking c, small, we have =1 (cacscit/N) < (Cg/3)¥~L(¢/N), so we conclude

xp—1<%t) <e< %m*(%) (4.12)
Hence, by (NLHK(V)), (VD) and (4.12), we have

6 - cr R
V(zi, U=L(t/N)) = V(x;, U-Lt/N)) = V(zi,e)’

pi/N(Zis Zig1) 2
Therefore, it follows form (4.11)
" N N
> % 2 2
PEY) 2 g 1;[1 Ve V@09 2 Gy

exp(—coN) S exp(—ciod(,y) /)
Ve, 0=1t) = V(z,¥L(t))
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On the other hand, by (4.9) applied to &, we have h=1(t/d(x,y)) < c11¢, so that

d(z,y) <. d(z,y)
e~ Uh(t/d(z,y)

We thus obtain (LHK(V)). O

Combining Step 1 =5, the proof of Proposition 4.1 is completed.
Proposition 4.3

(VD) + (EHI) + (E(¥)) = (DUHK (V)).

The proof is given for the case of weighted graphs in [41] and for the case of MMD spaces in [40]. Since the
proof is long, here we will additionally assume (PI(¥)) and prove the result. (PI(¥)) implies (FK(V)) —
see subsection 8.1 for the definition, so we shall prove the following.

PrOOF OF (VD) + (FK(¥)) + (E(V)) = (DUHK(¥)). Fixaxpe X andlet 0 <r < p < p<R . If we
denote B, := B(xo, s), then, as in [36] (12.6), we have

B
sup p R (z,y) < sup p, 7 (2,y) + 2 sup @B (0,t/2) sup  sup pPR(z,y),
T,y€EB, oayeBP/ zEB, t/2<s<tx,yeB,
where we denote p?(x,t) := P*(75 < t). Using the fact (FK(¥)) = (UC(¥)) in Theorem 8.1,
C1

B, B
sup p, " (7,y) < sup p, (7,Y) £ =1y VEZ Y(p).
x,yeBp/ ! ( ) z,yc€B, ! ( ) V(l’o,\II 1(t)) ( )

By (E(V)) and (E(¥)) = (ELD(¥)) (Step 1 above), for x € B,

/ 1 t
B, < B.p'—T) < I > -1
OB (@,1/2) < ¢ (0,4/2) € o VF 7> MY (5,
if M is large. This is the case if
p—r>MU(1) (4.13)

and p’ is sufficiently close to p. Noting that the function s +— SUDP, yeB, pBE(z,y) is non-increasing, we
obtain

Br 4] 1 Br C1 1 Br
sup p z,y) < — + sup sup p z,y) < — + sup p z,Y),
S P Y) S G i) IR e, S v ) S ey TR S, P )
(4.14)

for all t < U(p).
Now, for a fixed t > 0, set t,, :=t/2", n > 0 and

n—1
Tn :lellfl(tz), n>1
i=0
It follows by this and the definition of W that
2t ds
rn < zM/ v () = 1) < oo
0

Assume that R > I(t) so that all the balls B, := B(xg,r,) are in Br. Using the fact 7,11 —7r, = MU ~(t,),
which matches (4.13) and the fact ¢, < ¥(r,41), we obtain from (4.14)

sup py “(2,Y) < =7 T 5 Sup P z,y). 415
2,y€Bn (T, Y) V(zo, U=1(tn) ' 2K 4yeB,., tn+1( Y) ( )
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By (VD), we have

C1 ClK C1 C1

< < < KM = K" .
Viwo, U=Htn)) = V(wo, ¥ (tn-1)) = = V(zo, ¥(t0)) V(wo, U1(1))
Thus, we have
C1 1 Br
sup p K'—————+— sup p z,y).
o P 00 S K iy a2 P ()
By iteration, we obtain
n—1
sup p Y (1/2)* 4+ (==)" sup p Y 4.16
s PR 00) < G (/D ()" sup ) (4.16)
Applying (FK(¥)), Theorem 8.1 and using (4.15),
") < ") < ot ol
sup p sup p = )
vaepnt Y ey Y S Ve, U (E) T V(e (D)

since t, < W(R). Hence, lim;, o (2K) ™" sup, ,ep, ptn " (z,y) = 0, and taking n — oo in (4.16), we conclude

2¢
Br 1
sup p T,Y) < ——m————.
S P ) S G Ty

Finally, taking R — oo and noticing pf R — p;, we obtain the desired estimate. O

4.2 Proof of (¢) = (d)
Lemma 4.4
(VD) + (PI(¥)) 4+ (CS(¥)) = (RES(Y)).

PrOOF. We first prove the following. If X satisfy (VD) and (PI(V)), then the following holds.

V(R)
R(B R),B 2R ) <c1———, V X,R>0. 4.17
( (.7}0, )a (Q’Jo, ) ) >a V(l’o,R)’ ZTp € A, It 2 ( )
Let f be the function which attains the minimum on the right hand side of (3.4) when A = B(xo, R) and
B = B(w9,2R)¢. Let f = fB(wO 3R) fdu/V(xo,3R). Choose yo so that d(xg,y0) = 5R/2. Then by (9.1) we
have V (yo, R/2) > 2V (wg, R). Depending on whether f > 1/2 or f < 1/2, |f — f| > 1/2 on either B(x, R)

or B(yo, R/2), and then using (PI(¥)) we have
Vo R) < e[ (f-Prdp<et®) [ dr(f)
B(z0,3R) B(z0,3R)
= & U(R)R(B(zo, R), B(xo,2R)") ™"

So (4.17) is proved.
We next prove the following. If X satisfy (VD) and (CS(¥)), then the following holds.

V(R)
V(:UO? R) ’

Let ¢ be a cut-off function for B(zg, R) given by (CS(¥)). Then taking f = 1, I = B(xo, R) and
I = B(x0,2R) in (3.5) we obtain

R(B({L‘o, R), B(l‘o, QR)C) > cs Vaeg € X, R > 0. (4.18)

V(:Eo, R)

R(B(z0,R/2), B(z¢, R)) ™! < /Idf(go, ©) < cgU(R)™* / dp < er TR
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where (VD) was used in the last inequality. So (4.18) is proved. O

By Lemma 4.4, the rest is to show (VD) + (PI(¥)) 4+ (CS(V)) = (EHI). This is the highlight of this
section. Recall the Moser’s argument in subsection 2.4. The crucial loss for the case § # 2 is in using the
bound (2.6); one needs a cutoff function ¢ such that the final term in (2.7) can be controlled by a term of
order R~%. We shall now see how the (CS(¥)) enables one to do this. (Clearly, (C'S(¥)) guarantees the
existence of ‘nice’ cut-off functions ¢ = ¢, g that satisfies £(p, p) < ;¥ (R)"'V(z, R) for each x € X and
R>0.)

For z € X, R > 0 let ¢ = ¢, g be the cut-off function in (CS(¥)). We define the measure v = 7, r by

dy = dp+ V(R)dL (¢, ¢).

We remark that we do not know if the measure ~ satisfies volume doubling. The first step in the argument
is to use (CS(¥)) to obtain a weighted Sobolev inequality. For any set J C X set

J*=A{y:d(y,J) < s}.

Proposition 4.5 Let s < R and J C B(xo, R) be a finite union of balls of radius s. There exist k > 1 and
c1 > 0 such that

(wn [1man) " < ca(wimmn ™ [ arcs o+ smy 2 [ fan).

The strategy of the proof is to show weighted Poincaré inequalities first and then prove the weighted Nash
inequality, which deduce the desired inequality. See subsection 9.8 for details.

The next result is the generalization of Lemma 4 of [69] to the case of a MMD space.

Lemma 4.6 Let D be a domain in X, let u be positive and harmonic in D, v = u¥, where k € R, k # %,
and let ) be supported in D. Suppose [, dI'(n,n) < oo, then

/DnQdI‘(v,v) < (kaﬁ 1>2/Dv2df(77,77).

PROOF. Let g € F be supported by D. Then if v’ = Gh where h = 0 on D we have

/dF(gu’,u'):/ dF(gu',u'):/ gu'hdp = 0.
D X X

Hence, approximating u by functions of the form u’ we deduce that

/D AT (gu, u) = 0.

Using this, and taking g = n%k*u?*~2, we conclude that

/DnQdT‘(U,v):/ngI‘(u,u):—/ wdl'(g,u). (4.19)

D

Using the Leibniz and chain rules, the right hand side is equal to

—2k/Dm} dl'(n,v) — (2k — 2) /D772dF(U,U).

Thus,

9 __2k/
| e =~z [ wdrw.n

< |22|k|1|<~/Dn2dr(v’U)>1/2(/DU2€ZF(T]777)>1/27
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where we used Cauchy-Schwarz. Dividing and squaring, we obtain the result. O

Let u be harmonic and nonnegative in B(xg,4R). By looking at u + ¢ and letting £ | 0 we may without
loss of generality suppose u is strictly positive. Note that, as for a general MMD space we do not initially
have any a priori continuity for u, we do not obtain a pointwise bound in (4.20).

Proposition 4.7 Let v be either u or u™'. There exists ¢y such that if B(zx,2r) C B(xg,4R) and 0 < q < 2,
then

ess S'U/pB(mJ,/2)'U2q <aV(x, 2r)_1/ (\IJ(r)dF(vq,vq) + Uquu) (4.20)

B(xz,2r)
PROOF. Let ¢o be a (regularized) cut-off function given by (CS(¥)) for B(z,r). Let h, = 1 — 27",
0<n<oo,s0that 0 = hg < hoo = 1. For k > 0 set

or(x) = (po(x) — he)™,  dyo = dp+ ¥ (r)dT (o, ¢o)-

Set A = {z : po(x) > hi}, and note that B(z,r/2) C A,, C Ag C B(x,r) for every ng. We therefore have,
writing V' for V(x,r),
oV < u(Ag) <V, k>0.
The Hélder condition on g given by (CS(¥)) implies that if 2 € A4y and y € Af, then d(z,y) > czr2~#/9.
Set s, = %037’2*]“/9, and note that ¢}, > ¢427% on AZ’jrl. Let {B;} be a cover of A1 by balls of radius s/2,
and let Jgy1 = U;B;. Write J; | = J;i/IQ,A;_H = AZ’jH and note that Agy1 C Jey1 C Jpyy C AL
From Proposition 4.5 with f = vP and s replaced by si/2,

(vt [ ) < (vt )
< Ve [ dngp /s [ ]
< cﬁvﬂ[\y(r) / dr(f f) 2 /A deVO] (4.21)

By Lemma 4.6, we have the ‘converse to the Poincaré inequality’ for f = vP, which controls the first term
in (4.21).

ST (f, f) < cs2?W(r) / ST (1, )

A

v [ arn < et [

/
k41 k+1

2p \2 2p \?2
< 92k ( ) / 24T < e1n02k ) 2.
< o (r) 1) J. f2dT(prs pr) < c10 (—2p =) /. fdo
We therefore deduce that
1/k ) 2
(V_l/ fz'id70> < C11< d ) 22ky—1 f2dyo. (4.22)
Ak+1 2p -1 A

We now make an argument similar to the first part of Moser’s argument [69] mentioned in subsection
2.4. Choose ¢’ > 0 such that inf _7[¢'rk™ — %| > c19 > 0. Suppose first that ¢o = ¢’x~* for some i. Let

Pn = 2qok™ for n > 0, and write

1/p
L3 :[M(Ak)l/ Upkd’)/g} k.
A

k

Note that pyi1/2k = pi/2. Applying (4.22) to f = vPr+1/(2%) = 4Pr/2 we have

; B 1/k _
xyi'fﬁf/ - (N(Ak—l-l) I/A Ukarld’m) < e12” <M(Ak) 1/

Upkd%) = 1322 0P,
A

k+1
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or 1/
p
Ui < (0132%) k\I’k-

Hence for every m

m
log ¥,,, <logW¥y+ Zp,?l log(c132%F). (4.23)
k=1

As the sum in (4.23) converges and ess SUPB(z,r/2)V < imsup,, .o, ¥m, we have

1/(290)
€ss SUpPpg(yr/2)0 < c14¥o < c15 <V—1/ q;2qod70> 90 .
B(z,r)

Now let g € (0,2). We can take gy = ¢'s % < q. Then by Holder’s inequality, and Proposition 9.20 (d),

1—
Vl/ 0240 dry, (Vl/ v2qd’yo)q0/q(vl/ d"yg) w/a
B(z,r) B(z,r) B(

z,r)
9/4q
C16 (V_l / v2qd'yo) .
B(z,r)

€ss Supp(y T/Q)UQ‘] < c17V_1/ v2dryg.
' B(z,r)

By Proposition 9.20 (a) with R = s = r and (VD) this implies

IN

IN

Thus

ess supB(xvr/Q)vzq < 18V (x,2r) 7! / (U (r)dD(v?, v9) + v2dy).

B(z,2r)
g
Recall that ¢ is a cut-off function for B(zg, R) given by (CS(V¥)). We define
Qt)={z:p(x)>t}), 0<t<]l,
and write Q(1) for the interior of {x : p(x) > 1}.
Corollary 4.8 Let 1 > s>t > 0. There exists ( > 2 such that if 0 < ¢ < %,
ess supQ(s)vgq <ci(s— t)_CV(azo,R)_l/ v2dy. (4.24)
Q)

PROOF. By the maximum principle the essential supremum of v?¢ in Q(s) is equal to an essential supremum
around a point 2’ € 0Q(s). Let n = 1(s —t), s’ = s — 2. By the Holder continuity of ¢ the sets Q(s) and
Q(s')¢ are separated by a distance of at least £ = coR(s — t)'/%, so that B(a/,€) C Q(s'). By Proposition
AT,

ess SupB(Il’€/4)U2q < C3‘I’(§)V($/’§)l/

dT(v?,v1) 4 3V (2!, &)} / v2dp. (4.25)
B(a'.€)

B(a'.€)
Note that by (9.1) we have

V(zo, R) < 4(d(x’,x0)+R

V(') 3 )a <es(s— )7, (4.26)

Using (4.25),

ess supQ(s)UQq < Cﬁfmv(faf)_l/
Q(s")
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Let
Pst = (5/\‘:0_75)4—

and observe that [ dl' (s, pst) < [5dL(p, @) for any B. Since @q > c7(s —t) on Q(s), using Lemma 4.6,
we have the “converse to the Poincaré inequality” for v,

Q)

< cg(s— t)_2/ qudI‘(goSt, wst) < cg(s — 75)_2\11(]%)_1 / v2qd7.
Q(t) Q(t)

/ AL, 0%) < enls — 1) / P2dD(v,0%) < er(s — 1) 2 / T (01, o)
Q(s") Q(s") t

Thus, noting ¥(&/R) = U(ca(s — t)/?) < 10,

ess SupQ(s)vzq < 011\I/(§/R)(8—t)_2V(;1:’,§)_1/ v2qd7+c11V($',£)_1/ v2dp,
Q(1) Q(t)
S R el
Q(t)

< enViam B) s -0l [y,
Q(t)

where we used (4.26) in the last inequality. So taking ¢; = 2 + a/6 we obtain (4.24). O
Now our goal is to deduce the elliptic Harnack inequality. The following corresponds to the second part
of Moser’s arguments.
Let w = logu, and write w = V (xq, R) ! fB(:vo,R) wdp.

Proposition 4.9 (a) There exists c1 such that

V(xo, R)
dl'(w,w) < ¢ —————
/B(xo,ZR) (w,w) < a1 U(R)

(b) Let 1> s >t>0. Then
|4 R
/ dy < 02@%’)-
{lw—>A}NQ(s) A

PROOF. Again, this is essentially Moser’s proof. Let ¢1(z) be a cut-off function given by (CS(V)) for the
ball B* := B(xg,4R). So
/ dlN(w, w) < c/ ©3dl (w, w).
B(z0,2R) *
Applying (4.19) with n = ¢1, v = w, g = p?/u? and D = B*, we have
| et == [ udret ..
Using the Leibniz and chain rules, the right hand side is equal to

—2/ goldf(gol,w)+2/ ©3dl (w, w).

Thus,
1/2 1/2
| darww =2 [ parne <2 [ aenen) ([ darw)”
* B* B* B*
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where we used Cauchy-Schwarz. Dividing and squaring,

/ ©3dl (w, w) < 4/ dl' (1, 1)

Finally, using (CS(¥)) in B* with f € F such that f|p(y,sr) = 1 (since (£, F) is a regular Dirichlet form,
such an f exists) and (VD) we deduce that

/* dl(p1, 1) < c¥(R) "'V (zo, R).

(b) By Chebyshev’s inequality, Proposition 9.20 (b) and (a)

A2/ dy < / lw — @|*dy
{lw—w|>A}NQ(s) {lw—w|>A}NQ(s)

/ w —wdy < / w — w[2dy
Q(s) B(zo,R)

05\I'(R)/ dl'(w, w) < ¢V (xo, R).
B(z0,2R)

IN

IN

O

In order to get the Harnack inequality the argument in [68] required a generalization of the John-

Nirenberg inequality with a complicated proof. Bombieri [22] found a way to avoid such an argument for

elliptic second order differential equations. Moser (Lemma 3 in [67]) carried the idea over to the parabolic

case and Bombieri and Giusti (Theorem 4 in [23]) obtained the inequality in an abstract setting. (See also

Lemma 2.2.6 in [72].) This argument can be applied to our setting (with suitable modifications) and we can
show that Corollary 4.8 and Proposition 4.9 (b) give

€ss SUPp(z r/2) logu < c1. (4.27)

(For the sake of completeness, we will give the proof of (4.27) in subsection 9.9.) Let v = u~!. The same
argument implies ess SUPpg(,,,r/2) 10gv < c1, or ess infp (4, r/2)logu > —ci. Combining we deduce

e < ess infp(zy,p/2)U < €88 SUP (4, r/2)U < €7
We thus obtain the following.
Theorem 4.10 There exists ¢1 such that if u is nonnegative and harmonic in B(xg,4R), then
€8S SUPB(z0,R/2)U < C1€SS INfp(5y R/2)U-

PROOF OF (¢) = (d). As we mentioned in the beginning of this section, it is enough to show (VD) +
(PI(W)) + (CS(¥)) = (EHI). But given Theorem 4.10, (EHI) can be proved as in subsection 9.3 O

4.3 Proof of (b) = (c)

In this subsection, we will use the equivalence (a) < (b) which is proved in Appendix 2 (Section 9).
Assuming (b) or equivalently (a), (VD) and (PI(V¥)) hold by standard arguments (which are partly
discussed in subsection 9.7). So, we will prove (PHI(V)) (equivalently (HK(¥))) = (CS(¥)).
Let D = B(zo, R — ¢) where ¢ < R/10, and A > 0. Let Y be the process associated with the Dirichlet
form (€, F). Let G? be the resolvent associated with the process Y killed on exiting D; that is,

Gy f(x) =E" /OTD e Mf(Yy)dt,
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for bounded measurable f, where 7p = inf{t : Y; € X — D}. Let pP(-,-) be the heat kernel of Y killed on
exiting D. Then the Green kernel of G? is given by

o0
9y (v,y) = /0 e MpP (z,y)dt.

We use the Green kernel to build a cut-off function ¢.

Lemma 4.11 Let 29 € X. Then there exists § > 0 such that if A = co¥(R)™!

U (R)
Y <Ol B(zo,6R)"
Ix ('ran) = 1V(.’E0,R>7 Y€ ($0> ) ’
U(R)
Y > Cor—r B(xo,0R).
gx (x()vy) = 2‘/(:1:07 R)a RS (x()v )
Proor. This follows easily from (HK(¥)) by integration. O

Lemma 4.12 Let xg and R be as above, and let x,y € B(xo,dR)¢. Then there exists > 0 such that

swp gP(z0,.). (1.25)
B(zo,0R)®

d(&;y))e

9% (w0,) — g (@0, y)| < ex

PRrOOF. The Hélder continuity of p? follows from (PHI(¥)) by a standard argument. Integrating we obtain
(4.28). 0
Fix 9 € X and let B’ = B(z¢,6R), B = B(wo, R), D = B(x9, R—¢) where e < R/10. Let A = cg¥(R)~!
and define
o) = 1A (CU(R) "GP (2),

where ¢ is chosen so that ¢(z) =1 on x € B’. Using Lemmas 4.11 and 4.12, it is easy to check that ¢ is a
cut-off function for B’ C B that satisfies subsection 3.2 (VI) (a)—(c). To complete the proof of (CS(¥)), we
need to establish (3.5).

Proposition 4.13 Let x1 € X and f € F. Let 6 be defined by Lemma 4.11 and let I = B(x1,ds) with
0 <s<RandI*=B(x1,s). There exist c1,ca > 0 such that for all f € F,

/ FAdT (g, ) < cl(s/R>29( / dr(f, f) + ca¥(s) ™! f2du)- (4.29)
I I* I*

Proor. Case 1. We first consider the case where s = R and x1 = xg. Let
fD:{fe.’F:f:Oq.e. on X — D}.

Set
Ex(f,9) = E(f.g) + A / fgdp.

Let v = G/\DlB/. Note that
o() < / Pz, y)duly) < E%[rp] < cU(R),  z €D, (4.30)

by the fact (VD) + (DUHK(¥)) = (E(¥)<) - see subsection 9.2. By [35] Theorem 4.4.1, v € Fp and is
quasi-continuous. Further, since Y is continuous, v = 0 on D°. Let f € F. Then

2 2 _ 2 _
/Bf dF(U,v)g/Xf dF(U,v)—/XdF(f v,v) /X2fvdf‘(f,v).
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Since v € Fp we have f?v € Fp, so by [35] Theorem 4.4.1,
/ dU(f?v,v) = E(f*v,GR1p) < Ex(f*0,GR1p) = / Folpdu <c¥(R) [ fdpu,
X X B’

where we used (4.30) in the last inequality. Using Cauchy-Schwarz and (4.30), we obtain

(/vadr(f,v)’ < (/ odr(f, f) / F2dT (v, v)

c\Il(R)(/ dr(f, f / der (v, )

IN

So, writing H = [y f2dl(v,v), J = [5dL(f, f), K = [ f*du, we have

H < ¢Y(R)K + ¢U(R)JY?HY?,

from which it follows that H < ¢¥(R)K + ¢V (R)?J. From this, (4.29) with s = R follows easily.

Case 2. Define
Q(b) = Q(0,b) = {y : g (z0,y) > b}.

and let
h = CyU(R)/(2V (20, R)),

where Cs is as in Lemma 4.11. Note that by Lemma 4.11 and the fact g?(l‘o, y)=0fory ¢ D,
B(zg,0R) C Q(2h) C Q(h) C B(xg, R).
In Case 2, we will consider the situation that either
I" C Q(2h)

or

I* N B(xg, 6R/2) = 0

(4.31)

(4.32)

hold. Since ¢ =1 on Q(2h), (4.29) is clear if (4.31) holds. Thus, we consider when (4.32) holds. Let ¢5(z) =
1IN (c\II(s)_le(xo’sfe)ll(x)) be a cut-off function for I C I* given by Case 1. Let po(z) = ¥(R)1GP1p/(z)

where B” = B(x,0R/2) and ¢1(x) = ¢o(r) — minges- ¢(y), then by Lemma 4.12,

¢1(z) <e(s/R)? =L, el

Let

A = 240 (o, o),

/If (o, 9)
D~ [arunrwet [ £
¥ [*
Fo= [ e,
Now as
dU(f*2e, @) < dD(f22¢1, 0) = f2b2dT (1, po) + @1dD(f292, ¢o),

we have

AP = [ Putinen = [ e - [ e ).
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For the first term in (4.33)

/* dU(f*43e1,00) = /Xdr(f%?@htpo)
= E(Puken VRGP < X [ i
< (e U(R) I GRLp) = W(R) /B PPelerdn =0,
Here we used the fact that o1 > 0 on I and that the support of v, is in I'*, hence outside B” (due to

(4.32)).
The final term in (4.33) is handled, using the Leibniz and chain rules and Cauchy-Schwarz, as

[ earritpo| <2 [ asiianiien]|+2| [ o o)

([ v n) + ([ rarwa)) Y [ o)
< ¢DY?LF'Y?,

IN

where we used Case 1 in the final line. Thus we obtain A < F < e¢DL? so that (4.29) holds.

Case 3. We finally consider the general case. When either (4.31) or (4.32) holds, the result is already
proved in Case 2. So assume that neither of them hold. Then I* must intersect both B(zg,dR/2) and
B(x0,0R)¢, so s > 0R/4. We use Lemma 9.2 to cover I with balls B; = B(z;,c1R), where ¢; € (0,5/4) has
been chosen small enough so that each B} := B(x;,c1R/6) satisfies at least one of (4.31) or (4.32). We can
then apply (4.29) with I replaced by each ball B;: writing s’ = ¢; R we have

f, St e m?( [ e [ i),

We then sum over 4. Since no point of I* is in more than Ly (not depending on xo or R) of the B}, and
sfc1 < s <'s, we obtain (4.29) for I. O

5 Strongly recurrent case

5.1 Framework and the main theorem
Let (X, d, u,E) be the MMD space or the weighted graph. It is called a resistance form if F C C(X) and

sup{%:ue]:,g(u,u)>0}<oo, Vp,q € X. (5.1)

Define R(p,q) = (LHS of (5.1)) if p # g and R(p,p) = 0. One can prove that R is a metric and it is called
a resistance metric. By (5.1), the following key inequality holds.

(@) = fW)? < R(z,y)E(f,f),  VfeF. (5.2)
The next lemma shows that R(p, q) is the effective resistance between p and gq.

Lemma 5.1

R(p.q) = (WIS ) f0) = LT (@) =0.f € F}) . (53)
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PROOF. By linear transform f(z) = au(z) + b, we can take f(z) =1, f(y) = 0 if u is not const. So,

u(z) — u(y)|?
R(z,y) = sup{%:ue}",g(u,u)>O}:sup{g(;7f):fe}",f(x)zl,f(y):O}

— (inf{s(f,f):f(:v) =1, f(y) =07f€f})_1’

and the conclusion holds. O
Examples. Any weighted graphs are resistance forms. For the Dirichlet form on R? that corresponds to

Brownian motion, it is a resistance form only when d = 1. Dirichlet forms on the Sierpinski gasket, nested

fractals are resistance forms. Dirichlet forms on the 2-dimensional Sierpinski carpet are resistance forms.
We now give several inequalities.

(I) We say X satisfies a volume growth condition (VG(¥_)) if there exist o < 3V 3 and C > 0 such that
the following holds,
V(z,r) <C (g) Viz,s) VreX, Vr>s>0. (VG(W_))

(ITI) We say X satisfies a resistance upper and lower bound of order ¥ (RU(¥)),(RL(¥)) if there exist
C1,Cy > 0 such that for all z,y € X,

Y(d(z,y))
09 = LB, ) )
Co— 2@ Y) gy, (RL(D))

p(B(z,d(z,y))) ~

Theorem 5.2 Let (X,d, u, &) be a resistance form on a MMD space or a weighted graph. Assume (VG(V_)).
Then,
(HK(V)) < (RU(Y)) + (RL(Y)) & (RL(Y)) + (PI(¥)). (5.4)

When (5.4) holds, it is strongly recurrent in the following sense. There exists p; > 0 such that
P*(oy < TB(z2r)) = D1, Vee X,r >0,y € B(z,r), (5.5)

where 04 =inf{t > 0: X; € A} and 74 =inf{t > 0: X; ¢ A}.
When X is a tree, we have a simpler equivalence condition as follows.

Corollary 5.3 Let (X, u) be a weighted graph with c¢i < pizy < ¢ for all x ~y. Assume that X is a tree.
Then,
(VG(B-)) + (HK(B)) & [V(z,d(,y)) = d(z,y)" " Va,y].

5.2 Proof of Theorem 5.2: (RU(Y¥)) + (RL(V)) = (HK(¥))

The flowchart of the proof is similar to that of Proposition 4.1.
First, note that the following holds by (VG(W_)); there exists ¢ > 0 such that

U(s) ¥(r)
Viz,s) = CV(J:, T)

Vr > s> 0. (5.6)

Indeed, by (VG(¥_)), we have

% Sc(g)a<c

(f)ﬁ/\ﬁ < U(r)

S _C\I'(s)’ Vr > s >0,
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which implies (5.6).
We now give the proof of (RU(V)) + (RL(¥)) = (HK(V)) step by step.

STEP A: PROOF OF (RU(¥)) = (DUHK(¥)). Let fi(y) = pi(x,y) and
o(t) == [|fill5 = par(m,2) = for(). (5.7)
Since fB(I " fedp < 1 for v > 0, there exists y = y(t,7) € B(z,r) with fi(y) < V(z,r)~!. Using (5.2),

1
< -
S V@ng

Since R(z,y) < c1V(r)/V(x,r), which is due to (RU(V)), it follows that

a1 ¥(r)
V(x,r)

Sh@? < L)+ 1) — )l E(fu FR(w,).

Hence

¢'(t) = =2E(fi, fr) <

Noting that —¢(t/2)? < —¢(t)?, which is due to the fact ¢'(t) = —2E(f;, f;) < 0, we integrate (5.8) over
[t,2t]. Then,

(5.8)

2t tp(t)?V (z,7)

—p(t) < p(2t) — p(t) < ¥ (r)V(z,r) B c1¥(r)

Rearranging this, we have

to(t)*V (z,7)? < 2t + 1 U (r)V (z,7)p(t) < (4t) V (2e19 (r)V (2, 7)p(t)).
Thus, we obtain ¢(t) < (2/V(z,7)) V (2¢19(r)/(tV (x,7))). Taking r = U~1(¢) and using the doubling
properties of ¥ and V', we obtain (DUH K (V)). O

STEP B: PROOF OF (VG(V_)) + (RU(Y¥)) + (RL(VY)) = (E(¥)). In order to prove this, we first give a
key lemma.

Lemma 5.4 Assume (VG(¥Y_)), (RU(V)) and (RL(Y)). Then, the following holds.

a1 ¥(r) V(1)
Vix,r) Vix,r)

PROOF. First, take y,z € B(z,r) with d(y,z) = Ar, A < 1. We have by (5.2) and (RU (%)),

CQ\I}()‘T)g(fa f)
Ve, r)

< R(z, B(z,r)°) < forall >0, x € X. (5.9)

[f(y) = f(2)]? < R(y, 2)E(f. f) < for all f e F. (5.10)
Let z € X be such that c,r < d(z,z) < r for some ¢, < 1. If h; is the harmonic function on X \ {z, z}
with h,(z) = 0, h,(z) = 1 then £(h,,h,) = R(x,2z)~!. Applying (5.6), (5.10) and (RL(¥)), we have, if
d(y, z) = Ar,
U(Ar) csU(Ar)V (z, cur)
ha()? = [ha(y) = ha(2)2 < 2 &
Ih=() = Ih=(y) @ = V(z, A\r)R(z, 2) V(z, Ar)U(c.r)
So there exists a constant A; such that d(y, z) < Air implies that h.(y) < 3.
Now use (VD) to cover B(x,r)\ B(x,c.r) by balls B(z;, \ir), 1 <i < M, with c,r < d(z, z;) < r. Here,

M depends only on the volume doubling constant. Let ¢ = minh,,, and h = 2(g — %)* “1B(z,r)- Then
h(z) =1, and h = 0 on B(x, c,r)¢, so that

<

caV(z,eor)  esV(x,r)
U (cyr) = U(r)

R(z, B(z,r)%) "' < E(h,h) <4 E(hy,hay) < 4M (min R(z, )" <

7
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We thus obtain the first inequality of (5.9). The second inequality of (5.9) is clear from (RU(WV)), because
R(z,B(x,r)¢) < R(z,y) for all y € 0B(x, ). O

PROOF OF (E(V)). Denote B := B(xo,r) and let (€5, Fp) be the part of the Dirichlet form in the sense
of [35] section 4.4. By Theorem 4.4.3 of [35], it is a regular Dirichlet form on L?(B,u) with Fp C {f €

F: f(z) =0on x € B°}. Let X be the corresponding Hunt process, which is a process with the killing
condition outside B. Using (5.2) and (RU(V)), we have

a1 V(r)
S @F < 5

E(f, 1) for all f e Fp. (5.11)

Thus, (£p,FB) is a transient Dirichlet form so that the extended Dirichlet space (£p, (Fg).) is a Hilbert
space (Theorem 1.5.3 in [35]). Using (5.11) and the Riesz representation theorem, there exists a Green
kernel gg(-,-) with the reproducing property; E(gp(x,-), f) = f(z) for all f € Fp. Using the reproducing
property and the irreducibility of the form, gp(z,y) = g5(y,z) and gp(z,xz) > 0 for all x,y € B. Set
pz(y) == gB(z,y)/g9p(z,x). Then p, is an equilibrium potential for R(x, B¢) and we have

R(z, BY) ™" = E(pe, pa) = gp(x,2) " (5.12)
Since py(y) < 1forally € X,
gB(z,y) < gp(z,x) for all z,y € X. (5.13)
On the other hand, by the definition of the resistance,
R(z,B°) < R(zx,y) for all z,y € X,y € B,

so that gp(z,x) < c1¥(r)/V(z,r). Now, since

B ratan] = | anlo.o)duty). (5.14)

we have
c1¥(r)

V(zo,r)
where we use (5.13). We thus obtain the second inequality of (E(¥)).
Next, by (5.2) and the reproducing property of gp, we have for y € B,

BT [TB(Q:Q,T)] < V(xO’T) < Cl‘ll("”)y

l9B (20, 70) — 95(70,9)|* < E(98,98)R(w0,y) = g5(x0, T0) R(w0, ).

Thus, by (5.12) we have
2 < R(x()uy)
~ R(xo, BC) '

Now using Lemma 5.4, we see that there exists § > 0 such that

|1 _pxo(y)|

gB(z0,Y)

>1/2 for all y € B(xg,dr). 5.15
e Rl y € B(zo, o) (515)

Pzg (y) =
On the other hand, by (5.12) and Lemma 5.4, we have gp(zo, x0) = R(zo, B¢) > c2¥(r)/V (xg,r). Combining
this with (5.15), we have
c3¥(r)
V(zo,7)’

95(x0,y) > for all y € B(zo,dr).
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Applying this with (5.14) and (VD), we have

0 o C3\I’(T)
E™[7B(z0,m)] /B 98(z0, y)du(y) = Vo)
where ¢4 > 0 depends on 0. We thus obtain the first inequality of (E(¥)). O
Remark. (5.15) implies immediately (5.5). This implies (EHI) by Lemma 1.6 in [6]. Thus, (RU(¥)) +
(RL(Y)) = (HK(V)) is proved by Proposition 4.1 and Proposition 4.3 (Step A above was not needed).
But we do not choose this way because several steps of the current proof are much simpler than those of
Proposition 4.1 and Proposition 4.3, thanks to (5.2).

STEP C: PROOF OF (VD) + (DUHK(V))+ (E(V)) = (UHK(V)). This step is the same as Step 1 and
Step 2 in the proof of Proposition 4.1.

STEP D: PrROOF OF (VD) + (ELD(V)) = (DLHK(¥)). This step is the same as Step 3 in the proof of
Proposition 4.1.
STEP E: PrROOF OF (VG(¥_))+ (RU(¥))+ (DLHK(V)) = (NLHK(7)).

First, note that (RU(W)) implies (DUHK (V)) as shown before. Note also that, since p;(z,x

)
Ipeja (- 2)[13, we have Oypi(z,x) = 2(Apija(- ), prya(- 7)) = —2E(Prya(, @), pyya(,x)). Thus, using (5.2)
and Proposition 9.9, we have

V(zg,or) > ca¥(r),

V(d(y,y')) c1

Ipt(z,y) —Pt(%y/)|2 < R(y, yl)g(Pt('@)apt('@)) Vi, d(y,y)) ’ tV (2, U-1(1))

IN

Using this and (DLHK (¥)),

pt(:v,y) Z pt(x7$) - |pt($>$) _pt(:C?y)’
co B U(d(z,y)) _ c1 1/2
= Vi v i) {m,d(m,y)) tV(sc,w(t»}

_ 2 ( ! _C(_w(:c,y)) >/>
Ve, ULeNY2 \ Vi, o-1)2 7 \tV(z, d(z,y)) '

tV(z,d(z,y)
used (5.6). We thus obtain the result. O

STEP F: PROOF OF (NLHK(V)) = (LHK(¥)). This step is the same as Step 5 in the proof of Proposition
4.1.

Combining Step A-F, the proof of (RU(V)) + (RL(¥)) = (HK(V)) is completed.

1/2
Now, taking ¢4 large enough, we have m >c3 (M) if U(d(z,y)) < cat holds. Here we

5.3 Proof of Theorem 5.2: The rest

Since this will not be discussed in the summer school, we just give references. (HK(¥)) = (RU(V)) +
(RL(W)) is proved in [15] Section 4. (VG(¥_))+(RU(¥))+(RL(Y)) = (PI(V)) and (VG(V_))+(PI(¥)) =
(RU(¥)) are proved in [15] subsection 2.2. They are proved for the case of weighted graphs, but the
translation to the current setting is easy.

6 Application: RW on critical branching processes

6.1 Background

We recall the bond percolation model on the lattice Z%: each bond is open with probability p € (0,1),
independently of all the others. Let C(z) be the open cluster containing z; then if 8(p) = P,(|C(x)| = 400)
it is well known (see [43]) that there exists p. = p.(d) such that (p) = 0 if p < p. and (p) > 0 if p > p..
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Ifd=2ord>19 (or d > 6 for ‘spread out’ models) it is known (see [43, 51]) that §(p.) = 0, and it
is conjectured that this holds for all d > 2. At the critical probability p = p. it is believed that in any box
of side n there exist with high probability open clusters of diameter of order n — see [24]. For large n the
local properties of these large finite clusters can, in certain circumstances, be captured by regarding them
as subsets of an infinite cluster C, called the ‘incipient infinite cluster’ (IIC).

This was constructed when d = 2 in [54], by taking the limit as N — oo of the cluster C(0) conditioned
to intersect the boundary of a box of side IV with center at the origin. For large d a construction of the
IIC in Z% is given in [49], using the lace expansion. It is believed that the results there will hold for any
d > 6. [49] also gives the existence and some properties of the IIC for all d > 6 for ‘spread-out’ models:
these include the case when there is a bond between z and y with probability pL~% whenever y is in a cube
side L with center x, and the parameter L is large enough. Rather more is known about the IIC for oriented
percolation on Z, x Z? (see [50, 51]), but in this discussion, which mainly concerns what is conjectured
rather than what is known, we specialize to the case of 7. We write Ed for the IIC in Z%. Tt is believed that
the global properties of C4 are the same for all d > d., both for nearest neighbour and spread-out models. In
[49] it is proved for ‘spread-out’ models that Ed has one end — that is that any two paths from 0 to infinity
intersect infinitely often. B

For large d, it is believed that the geometry of C4 is also similar to that of the IIC when ‘d = oo’ — that
is to the IIC on a regular tree; this is supported by the results in [50, 49]. For trees the construction of the
IIC is much easier than for lattices, and there is a close connection between the IIC and a critical Bienaymé-
Galton-Watson branching processes conditioned on non-extinction. In [55], Kesten gave the construction of
the IIC G for critical branching processes. This is an infinite subtree, which contains only one path from the
root to infinity. This tree is quite sparse, and has polynomial volume growth: in the case when the offspring
distribution has finite variance, a ball B(z,r) in G has roughly 72 points. (This is when distance in G is
measured using the natural graph distance). N

Let Y = (Y;,t > 0) be the simple random walk on Cy4, and ¢;(z,y) be its transition density. Define the

spectral dimension of C4 by

~ . lo T, T
ds(Ca) = —ZE&%

)

(if this limit exists). Alexander and Orbach [1] conjectured that, for any d > 2, dy(Cq) = 4/3. While it is
now thought that this is unlikely to be true for small d, the results on the geometry of Cy4 in [50, 49] are
consistent with this holding for large d. (Or for any d above the critical dimension for spread-out models).

Random walks on supercritical clusters in Z? are studied in [3] (transition density estimates) and [74]
(invariance principle for the quenched case for d > 4; in the annealed case, invariance principle was proved
in [33]). In these cases the large scale behaviour of the random walk approximates that of the random walk
on Z%, and the unique infinite cluster has spectral dimension d.

In what follows, we will specialize to the case of critical percolation on a regular rooted tree with degree
no + 1. We keep ng fixed, but (in view of possible future applications) wish to obtain estimates which do
not depend on ng.

6.2 The model and main results

We will define the random graph G we will be working with. We could regard this either as critical percolation
on the ng-ary tree B, conditioned on the cluster containing the root 0 being infinite, or as the (critical)
Bienaymé-Galton-Watson process with Bin(ng, 1/ng) offspring distribution, conditioned on non-extinction.

Let B be the ng-ary tree, and let 0 be the root. A point = in the nth generation (or level) is written
x = (0,11, --,ly), where [; € {1,2,---,no}. Let B, be the set of nj points in the nth generation, and let
B<, = U B;. If x € By we write |z| = k. If x = (0,01,---,1,) € By, let a(x,r) = (0,11,---,l,—r) be the
ancestor of z at level |z| — r.

We regard B as a graph (in fact a tree) with edge set E(B) = {{z,a(x,1)},z € B — {0}}. Let 7.,
e € E(B), be i.i.d. Bernoulli 1/ng r.v. defined on a probability space (2, F, P). If . = 1 we say the edge e
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(/\)
Figure 4: Random walk on the GW-tree

is open. Let
C(0) ={z € B : there exists an n—open path from 0 to z}

be the open cluster containing 0. It is clear that Z,, = |C(0)NB,| is a critical GW process with Bin(ng, 1/ng)
offspring distribution. Here and in the following, |A| is a cardinality of the set A. As Z has extinction
probability 1, the cluster C(0) is P-a.s. finite.

We have

Lemma 6.1 ([55], Lemma 1.14) Let A C B<y. Then

n—oo

and writing Po(A) = |[ANBE|P(C<k = A), Py has a unique extension to a probability measure P on the set
of infinite connected subsets of B containing 0.

Let G’ be a rooted labeled tree chosen with the distribution P: we call this the incipient infinite cluster
(IIC) on B. For more information on G’ see [48, 55| but we remark that P-a.s. G’ has exactly one infinite
descending path from 0, which we call the backbone, and denote H.

It will be useful to give another construction of the IIC, obtained by modifying the cluster C(0) rather
than its law. We can suppose the probability space (2, F, P) carries i.i.d.r.v. &, ¢ > 1 uniformly distributed
on {1,2,---,np}, and independent of (n). For n > 0 let Z, = (0,&1,...,&,), and let

~ |1 ife={E,,Ept1} for some n >0,
fle 7. otherwise.

Then (see [48]) if
G = {x € B : there exists a 77-open path from 0 to =},
G has law P. It is clear that the backbone of G is the set H = {E,,,n > 0}.

For z,y € B let
]P)I() = IP)(|‘T € g)7 Pmy() = ]P)(|xay € g)a

and let E, and E,, denote expectation with respect to P, and P, respectively. Given a descending path
b=1{0,b1,bo,...}, (which we call a possible backbone) let

P.y() = P(|a € G, H = b),

and define PP, , ; analogously.
For each x, y € B, let y(x,y) be the unique geodesic path connecting = and y. We say that z is a middle
point of y(z,y) if 2 € v(z,y) and |d(z, 2) — 1d(z,y)| < 4. We remark that the construction of G makes it
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clear that P, , (. = 1) = 1 if the edge e lies in any of the paths b, v(0,z) and v(0,y), and that under P, ,
the r.v. ne, e 0 U~(0,2) U~(0,y) are i.id. with Py, 4(n. =1) = 1/no.

For each fixed G = G(w), we will consider the continuous time simple random walk {Y;} on G as in
subsection 3.1 and define its heat kernel ¢¢(z,y) as in (3.1).

Theorem 6.2 (a) There exist cg,c1,c2, S(x) such that for each z,
P.(S(x) > m) < co(logm) ™,
and on {w :z € G(w)}
et 2B loglogt) V7 < ¢ (x,z) < eat ™23 (loglogt)? for all t > S(x).

(b) ds(G) =4/3 P-a.s.
The cluster G contains large scale fluctuations, so that ¢ (x,z) does have oscillations of order (loglogt)®
ast — oo.

Proposition 6.3

lim inf (log log Y0128 0,00 <2,  PY—a.s.

Theorem 6.4 (a) We have

at'? <E E%d(z,Y;) <ELE® sup d(z,Ys) < eot'/?.
0<s<t

(b) There exists T'(x) with P,(T(z) < co) =1 such that

est' 3 (loglogt) ™2 < E2[d(x,Y;)] < catlogt  for all t > T(x).

We also have off-diagonal bounds for ¢{’(x, y). For the quenched case, our theorem is the following shape.

Theorem 6.5 (1) Let x,y € G, t > 0 be such that N := [\/d(z,y)3/t] > 8. Then, there exists an event
F, = Fi(x,y,t) that satisfies
on,yo,b(F*(xa Y, t)) >1l—q exp(_CQN)a

so that the following holds:
¢ (x,y) < cst 23 exp(—cyN), VYw € F.

(2) Let z,y € G, m > 1, k > 1 and let T = d(z,y)>k/m?. Then, there exists an event G, = G(z,y, m, k)
that satisfies
Pyyp( Gi(z,y,m, k) holds ) > 1 — ik,

so that the following holds:
qor(z,y) > CQT_2/3e_C3(’“‘+C4)m, Yw € G,.
For the annealed case, the off-diagonal bounds for ¢’(x,y) are of the same form as the bounds
et~ 1/ exp(~c (d(,y) /1) 4 D)

obtained for regular fractal graphs.
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Theorem 6.6 (a) Let x,y € B. Then
- d(z,y)?
Eayaf (2,y) < 1t/ exp (- cQ(%)W).

(b) Let x,y € B, with d(x,y) = R, and csR <t. Then

E. ¢ (2,y) > cat =23 exp(—cs(R3/t)V/?).

Define the continuous time rescaled height process
ZM = n134(0,Y,,), t>0.

By Theorem 6.4 (a) the processes (Z (") n > 1) are tight with respect to the annealed law given by the
semi-direct product P* = P x PY. (This is much easier to prove than the full convergence given in [55].)
However, the large scale fluctuations in G mean that we do not have quenched tightness.

Theorem 6.7 P-a.s., the processes (Z(”),n > 1) are not tight with respect to PY.

6.3 Ideas of the proof

The proof consists of the analytic part and the probabilistic part. We would emphasize that we cannot
expect (VD) for this kind of random object, so we need estimates without assuming (VD).

Definition 6.8 Let x € G, r > 1. Let M(x,r) be the smallest number m such that there exists a set
A =A{z,...,2m} with d(z,z;) € [r/4,3r/4] for each i, such that any path v from x to B(x,r)¢ must pass
through the set A.

Analytic estimates For fixed » > 1 and xg € G, we denote B = B(xq,r), M = M(xg,7), V =V (x0,7).

Proposition 6.9 (a) Let (G, ) be a weighted graph and suppose that the edge weights satisfy pizy > 1 for
all z and y. Then

92rV (x,r) (xa 1:) < , T E G, r > 0.

x,T)

(b) Assume further that G is a tree. Let Vi = Vi(xo,1) = V(x0,7/(32M (20,7))). Then if x € B(xo,r/(32M)),

Vi t
Perp<t) < (1-
(5 <) < ( 64MV> HET T
and ( )2 ( )
aVi(zo,r Vi (o,
> ts o — -
g2, ) = V (0, 7)3M (20, 7)2 Jort = 64M (x0,7)

(a) can be proved by carefully chasing Step A in subsection 5.2 and modifying to the current situation.
For (b), first, similar argument as in Step B in subsection 5.2 (using the tree property and M (z,r) instead
of (VD)) gives the estimate of Ef[rp(;,)]. Then the argument in Step 3 in the proof of Proposition 4.1 gives
the desired result. See [16] for details.

Probabilistic estimates By the above analytic estimates, we see that the information of V' (z,r) and M (z,r)
are necessary for the on-diagonal estimates. We will show that the probability that V(z,r) and M(x,r)
behave badly is ‘small’.
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Proposition 6.10 (a) Let A >0, r > 1 and x,y € B, and b be a possible backbone. Then
Pyys(V(x,r) > M2) < cpexp(—ci ),

and
Puy(V(x,7) < Ar?) < cgexp(—c3/VN).

(b) For any e >0
: V(0,n)
lim sup

= P —a.s.
n—oo n?(loglogn)t—= %0 -5

(¢) There exist cq,c5 > 0 such that for each r > 1 and each x,y € B, and possible backbone b
Ppyp(M(x,7) > m) < cqe” ™.

These can be obtained, basically through large deviation estimates of the total population size of the
critical branching process. See [16] for details.

We now define a ‘good’ random set.

Definition 6.11 Let z € B, r > 1, A\ > 64. We say that B(z,r) is A—good if it satisfies the following:
1
e, A2 <V(z,r) <ri\ M(z,r) < 6—4)\, V(z,7/A) >\, and V(z,r/X%) > r?A75.
By Proposition 6.10, we have the following.

Corollary 6.12 For x € B and any possible backbone b

P, »(B(z,r) is not A-good) < cre 2,

Combining these analytic and probabilistic estimates, we can obtain Theorem 6.2. To get off-diagonal
estimates, we need to take more refined ‘good’ random sets. See [16] for details.

7 Some open problems

Finally, we would mention several important open problems.

e Simpler stable equivalence conditions for (PHI(V)): It is not easy to check (CS(V)) in concrete ex-
amples. Quite recently, Barlow-Bass ([8]) proved (PHI(3)) < (VD) + (PI(8)) + (E(3)) for weighted
graphs. But we do not know if (E(3)) is stable under perturbations or not. There is a conjecture that
(PHI(3)) < (VD) + (PL(5)) + (RES(5))-

e Stability of (EHI): We do not know if (EHI) is stable under perturbations (especially under rough
isometries). This is one of the big open problems of this area.

e Stability of (UHK (¥)): As in subsection 8.2, there are various equivalence conditions for (UH K (¥)),
but so far we do not know if either of those is stable under perturbations. There is a related conjecture
by Grigor’yan that (UH K (/3)) is equivalent to (F K ((3)) plus so called the anti Faber-Krahn inequality,
which guarantees the optimality of (F'K(/3)) for balls.

e RW on IIC on Z%: It will be very interesting to obtain similar results as those in Section 6 for RW on
infinite incipient clusters on Z<. It is known (at least believed) that for the case of d = 2 and d large
enough, RW on such IIC is in the framework of resistance forms discussed in Section 5, so we have
reasonable analytic estimates. It is hard to obtain probabilistic estimates in these cases though.
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8 Appendix: Upper bounds

8.1 Local ultracontractivity

In this subsection, we give a generalized version of Theorem 2.1. It is a localized version as we will treat the
operator on B(zg,r*) with Dirichlet boundary condition, but the global version can be recovered by taking
r* = oo. This subsection is from [29], where the original ideas came from [27, 28] etc.

Let r* > 0, let m : X x (0,7*] — R4 be a Borel function so that for each z € X, m(z,-) is monotone
decreasing and differentiable. In this subsection, ¥ is not necessarily of the form (3.2). We simply let
¥ : Ry — Ry be a monotone increasing function with the following growth condition; there exists C1,Co > 1
such that

U(2r) < C1Y(r) < U(Caor), Vr e Ry, (8.1)

Denote my(t) := m(z, ¥~1(t)) and define M,(t) = —logm,(t). Throughout the paper, we assume that
there exists o > 0 such that

M (u) > aM.L(t), Vt>0,uc€[t2t],ze M, (9).

This means that the logarithmic derivative of m, has polynomial growth.

Let m; : Ry — Ry, i = 1,2. We shall say that my < my if there exists C,C’ > 0 such that m(t) <
Cmso(C't). We say that m; and mo are equivalent if m; < mg and mg < mq. In this subsection, the
inequalities will be written modulo equivalence of functions. Note that we suppose m differential to have a
neat theory, but this assumption can be relaxed by regularising m and get an equivalence function.

Define the spectral gap of an open set {2 C X by

£(f)

Amin(2) ;= in ,
reFa\oy IIf1I3

where Fq:={f e F: f=0in X\ Q}. We will fix r* > 0 and denote B* := B(xq,r*) for each zp € X.
When the dependency of xg is clear, we sometimes denote it by B.

I TE™ 1m0 < m(zo, TL(2)), vt < U(r*),Vzg € X. (UC(1))
Epro(u) > ol log a3 5 Vu € Fapore,Vr < r*, and Vzg € X. (logLN (7))
2U(r) 7 m(xo, r)|[ullf
on(HuH%) < Epeo(u), Vu € Fapore st |lull1 <1 with ||u|]§ > m(xg,r"),Vry € X. (Nash(¥))
1
Amin () > ——— VQ C BY with p(Q2) < ,Vag € X. FK((W
@)= G2 @) e M (PR
Here,
JTI(),T* = {fEffZO n X\B(x(],?"*)},

= —gm' m ! an :; S0 S - .

(FK(V)) is called the Faber-Krahn inequality.
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Theorem 8.1 Assume (6). Then
(UC(¥)) © (logLN(¥)) < (Nash(¥)) < (FK(V)).

This theorem includes two typical cases.

Case 1: Uniform case Let m(z,7) = m(r) and ¥(¢t) = t. (So mg does not depend on z.) This case
corresponds to the work in [28].

Case 2: Volume doubling case Let m(z,r) = 1/V(z,7) and assume (VD). Especially, the case ¥(t) = ¢ for
some 3 > 2 was treated in [36, 57].

Remarks. 1) We can prove the long time version of Theorem 8.1 in the same way. Namely, (UC(V))
2
with ¢t > W(r*) is equivalent to (logLN (V)) with ”u”§ < m(zp,2¥(r*)) and so on. The proof is the same as

llull¥ =
that of Theorem 8.1.
2) In [57], Kigami introduced the following local Nash inequality.

13
v(r)’

m(zo, 7)||u?

Epwo(u) + « )

>3 Vu € Fapore, Vr < r* Vg € X. (KgLN(¥)).

(logLN(V)) = (KgLN(V)), but in general the converse is not true. If we assume the doubling condition
for m (typically, Case 2 above), then it holds that (logLN (V)) < (KgLN(¥)).

We will need (FK(¥)) = (UC(¥)) in subsection 4.1, so we give the proof below.

PROOF OF (FK(¥)) = (Nash(¥)). We adopt the argument originated in [38]. For each A > 0, since
u < 2(u—A) on {u > A}, we have

/u2§4/ (u)\)2+2>\/ g4/(uA)i+2A||u|yl.
{u>2X} {u<2)}
Applying (FK(V)) to (u— \)4 gives

ul1
J=32 < euluttn > APEn(w— ) < ooy B 2E ()
where we used the fact p({u > A}) < |lu|l1/A and ¢z, is non-decreasing in the second inequality. Therefore,

Jul
Il < 4oy (5E)E () + 2\ ull.

Take A = ||ul|3/(4||ull1). We then obtain the following Sobolev-type inequality.

lull < 8¢3 (M>8(u) YU € Fop e with ol 1 Vao € X. (Sob(W))
- ul3 7 v lullz = m(zo, )’
It is easy to see that (Sob(V)) implies (Nash(¥)). O

PrOOF OF (Nash(¥)) = (UC(¥)) Since | TPul|; < ||ull1, replacing u by TPu in (Nash(¥)) gives

Ouo (ITul3) < EB(Tu), V€ Fugue, Jull = 1. (8.2)

Let 1(t) = || TPull3, then I'(t) = 2(4TPu, TPu) = —2E (T Pu). It follows from (8.2) that

By integration, we have




By definition, we have

SO

/00 de /HO) de_ /00 dx
I(t) 0o () — I(t) Oz () — Mg (2t) 910(1').

Thus, we obtain I(t) < my,(2t). It follows that ||T}2||2 ., < my,(2t). Since TP is symmetric, we have
1T hmoe < ITall—2lI T ol —00 = ITi7lIT o < 100 (1),

which is the desired inequality. O

8.2 Equivalence to (UHK(())

In [36], A. Grigor’yan proved various equivalence conditions for (UH K (3)) under (VD). To state his main
theorem, we prepare two more notions.

e X satisfies E(3) if there exist C,v > 0 such that for any ball B(zg,r) in X and for any non-empty
open set Q C B(xo,1),

ess sup,cq L] < C’rﬁ<%>y. (E(B))
e X satisfies (Pg) if there exist € € (0,1) and ¢ > 0 such that
P*(Tp(zr < or?) < e, Vo € X,Vr > 0. (Pg)
Clearly, (E(8)) = (E(8)<). As mentioned in the Step 1 of the proof of Proposition 4.1, (E(3)) = (Pg).
Theorem 8.2 ([36] Theorem 12.1) Assume (VD). Then.

(UHK(B)) < (DUHK(f))+ (Ps) < (E(B)) + (Ps) & (FK(B)) + (Pp)
& (DUHK(B) + (E(B)) & (E(B)) + (E(B)) « (FK(8)) + (E(B)).

We believe that Theorem 8.2 can be exptended to our time scaling ¥ without any difficulties.
It will be interesting to compare Theorem 8.2 to the following (5 = 2 case), which was proved in the
setting of Riemannian manifolds in [38] Proposition 5.2.

(UHK(2) & (DUHK(2)) & (FK(2)).

9 Appendix 2: Miscellaneous proof

9.1 Consequences of (VD)

First, it is easy to deduce from (VD) that there exist ¢1, > 0 such that if z,y € X and 0 < r < R then

V(z, R) (W)‘% (9.1)

<
Vig,r) —

Lemma 9.1 Assume that X satisfies (VD). Then, there exists 6 € (0,1) such that V(xz,r/2) < 6V (z,r)
forallr >0 and z € X.
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PROOF. SInce X has infinite diameter and since it is connected, there exists y € X such that d(z,y) = 3r/4.
Note that B(x,r/2) N B(y,r/4) = and B(x,r/2) U B(y,r/4) C B(z,r), so that V(z,r/2) + V(y,r/4) <
V(z,r). Since B(x,r/2) C B(y,5r/4), (VD) implies V(x,r/2) < V(y,5r/4) < ¢V (y,r/4) where ¢ > 0 is
independent of 7,z and y. Combining these facts, we obtain (14 ¢~ 1)V (z,7/2) < V(z,7). O

Finally, we give the following covering lemma.

Lemma 9.2 Assume that X satisfies (VD). For xg € X and 0 < s < R < oo, there exists a cover of
B(zg, R) by balls B(z;,s) with z; € B(xg, R) such that no point in X is in more than Ly of the B(x;,2s).
Here Lo depends only on X.

PROOF. Since X is a locally compact separable metric space, there is an increasing sequence of compact
sets {Kp }n>1 such that U,>1 K, = B(zo, R). Now, take z1 € K; and choose z3, 3, --- € K by letting z},
be any point in K7 \ Ué-:lB (1:]1, s). We do this until we can no longer proceed. Since K is compact, there
is a finite subset {z;}', C {z}}; such that K; C UL B(x;,s). We next choose 23,23, -- € Ky by letting
27,4 be any point in Ky \ (Uff:lB(a:Z-, s)U U;-:lB(x?, s)). Again we do this until we can no longer proceed.
By doing this procedure iteratively, we obtain a desired open covering of B(xg, R). Note that the z; must
be at least s distance apart, so that the balls { B(x;, s/2)}; are disjoint. Now suppose y is in N of the balls
B(z;,2s), i € N (N may be infinite at this stage). Using (9.1), there exists such that for each of these we
have V(y,3s)/V (x;,s/2) < Ny. Since B(y, 3s) contains N disjoint balls B(z;,s/2),

V(y,3s)> Y V(wi,s/2) > NNy 'V(y,3s),
1:y€B(x4,2s)

which implies N < Ny, independent of y and s. O

9.2 Proof of (VD) + (DUHK (V) = (E(¥).)
Let ¢g > 1. By (9.1) and (DUHK (¥)), we have

Py(TB(a:,r) > \IJ(COT)) < Py(Y\II(cor) € B($,T)) < /B( )p\Il(cor)(yaz)d,u(z)

c1 2% 2%, V(x,r)
< ——du(z) < / ——dp(z) = —F———=.
/B(ac,r) V(Za C()T) N( ) B(z,r) V(.’IJ, COT) M( ) V(l', COT)

By Lemma 9.1, we may choose ¢y so that the last value of the above inequality is less than 1/2. So, by the
Markov property of {Y;}, we conclude

Py(TB(x,r) > k‘ll(COT)) < 27]67 Vk > 1.

Hence,
Ey[TB(z,r)] < Z Py((k + 1)\I’(COT) > TB(x,r) > k“l’(qﬂ‘)) (k + 1)‘1’(607") < 4‘1J(COT)5
k>0
for all > 0 and z,y € X. We thus obtain (E(¥)<) O

9.3 Oscillation inequalities and the Holder continuity

In this subsection, we will assume (EHI) and deduce various Oscillation inequalities and Holder continuity
of harmonic functions.

Let u be nonnegative and harmonic in B(zg, R). To be precise, the definition of (EHI) in subsection 3.2
(I1T) should have been,

€SS SUP (g, r/2) U < C1€88 infp(zy Ry2)U- (9.2)
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xo here is z in the definition of (EHI). We will show here that (9.2) implies the continuity of w inside the
ball B(zg, R), so that (EHI) holds. Indeed, take x1 and r such that B(x1,3r) C B(zg, R). By looking at
Cu + D for suitable constants C' and D, we may suppose that ess supp,, o,yu = 1 and ess infp(,, oryu = 0.
Hence by (9.2), we have

€sS SUPp(, U — ess infp(y, myu < (1— ey V)ess SUPB(z;,m ¥ < (1 — crh).

x1,T
Soif p=1— cl_l then

€ss SUPp(y, ryU — €88 infp(y, yu < pless supp(,, opyu — ess infp(y, o).

It follows easily that
ess SUPpg(y, r)U — €88 infp(y, yu < cor? (9.3)

for some v > 0. Define u(x1) = lim,gess supp(,, ,yu. If one takes a countable basis {B;} for X and
excludes those points x € B; such that u(x) ¢ [ess infp,u,ess supp, u|, then for every other x it is easy
to see, using (9.3), that u(x) = w(z). Thus, u is equal to u for p-almost every z. Moreover, from (9.3)
we see that u is continuous. Recall that in our definition of harmonic function we take a quasi-continuous
modification as defined in [35]. We conclude u = @ quasi-everywhere, and so u has a quasi-continuous
modification that is continuous. Using this modification and (9.2), we have

sup u<e¢ inf u,
B(xo0,R/2) B(zo,R/2)

which is the desired inequality.

Let Hp(z,,r) be a space of harmonic functions on B(zg,7). Define the oscillation of a function f over B
by Oscpf := ess supgf — ess infp f. Then, the above arguments also show the following.

Lemma 9.3 Assume (EHI).
1) For any € > 0, there exists 6 € (0,1) such that

O5¢B(zg,6r) U < €0SCB(zg,r)Us Vu € Hp(zo,r)-
2) There exist c1,y > 0 such that

sup  |u(x) —u(y)| <cp? sup |u(x), Vp € (0,1),Yu € Hp(zg,r- (9.4)
z,y€B(x0,pr) z€B(zo,r)

We can now prove the following Holder continuity of harmonic functions.

Proposition 9.4 Assume (EHI). There exists v > 0 such that for any 6 € (0,1), there exists C = C5 > 0
so that the following holds,

[u(z) — u(y)| _
sup ———= 1 < Cr7 sup u(x)|, Vu € Hpip -
z,y€B(zo,0r) { d(.’E, y)"’ } vE€B(z0.r) | ( )| B(mo,r)

PROOF. Denote B, := B(xq,r). For x,y € Bg,, we consider two cases. first, if d(z,y) > (1 — J)r, then

[ul) = u(y)] < 2supul < 2{{A = o)r}d(z,y)" sup Ju]

r

If d(z,y) < (1—20)r, then B(z,(1—40)r) C B, contains both x and y, where z € X is the mid point of z and
y. Further z,y € B(z,d(x,y)). Applying (9.4) with p = d(z,y)/{(1 — §)r} yields

[u(@) —u(y)| < er{(1 = 8)r} " d(z,y)” sup [ul.

r
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We thus obtain the result. d

We next discuss about the oscillation of Green functions. Given open set Q@ C X and f € B(Q2), define
the Green operator G as

us
G fa) = B[ [ rvijae]

Denote E(Q) := sup, E*[rq]. When Q = B(x,r), we will abbreviate E(B(z,r)) as E(x,r). It is easy to see

|G| oo — oo < E(Q). (9.5)

Lemma 9.5 Assume that E(Q) < co. Then, for any f € Co(Q), Gf is harmonic in Q\ Suppf. Also, for
any open set ' D Q, G f — Gf is harmonic in Q.

PROOF. Let uy = G¥f. Since G* = (—Agq) ™!, we see that us € D(Agq). So
E(up,v) = —(Aquy,v) = (f,v) =0, Yo € F(Q\ Suppf).
Thus, uy is harmonic in 2\ Suppf. Similarly, set w; = GY f — Gf, then
E(wy,v) = E(GY f,v) — E(GUf,v) = (£,0)12(0) — (f.0) 120y = O,

for any v € F(w). O

Proposition 9.6 Assume (EHI). Let f : B(x,7) — R be a bounded Borel function and set uy = GB@H f.
Then, for any 0 <r < R, - -
OSCB(x,éT)uf < Q(E(x,r) + e’;‘E(.%', R)HfHOO7

where € and 0 are the same as in Lemma 9.3 1).

PrOOF. If E(z, R) = oo, there is nothing to prove, so assume that E(z, R) < co. Denote B, := B(z,r)
and let vy = GB f. Then, by (9.5),

luflloc < Bz, R)[[floos  Nlvglloc < Bz, 7)[| oo (9.6)
By Lemma 9.5, wy := uy — vy is harmonic in B,. Using Lemma 9.3 1) and 0 < wy < uy, we obtain
Oscps, wy < €0scp,wy < eljwylloo < €lluglloo-
Since uy = vy +wy,
Oscpy, g < Oscp,, vy + Oser,, wy < vyl + ellugllon < (B(@,r) + eB(@, B[]l

where we used (9.6) in the last inequality. Thus we obtain the desired inequality for f > 0. For a general
function f, write f = fi — f-. Then Oscuy = Osc(uy, —uy ) < Oscuy, + Oscuy_, and the desired
inequality is obtained. 0

9.4 Time derivative

We follow the arguments in [40, 42]. First, we show the following well-known fact in the semigroup theory.

Lemma 9.7 For any f € L?, let u; = P,f. Then, we have

1
[0tz < m”%”m 0<Vs <t
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PrOOF. Let {E)} >0 be spectral resolution of the operator —A. Then we have

A (o] o0
w=cf = [TePapg Juli= [P,
0 0

Thus, we have

Oy = / (=N e NENf, B3 = / A2 24| By f? = / A 2ImA 2 g By f||2.
0 0 0

Since Ae~ (=X < (t — 5)~1, we obtain

1 o 1
ol < =z [ e BIE = Gl

which is the desired estimate. U

Corollary 9.8 Fort >0 and z € X, the function t — py(-, z) is Frechet differentiable in L* and

1
[0epe (-, 2)[]2 < P p2s(2, 2), 0<Vs<t.

ProoF. Let f = p.(-,z) for some € > 0. Then, uy = P,f = pi4<(+, 2). Thus, by Lemma 9.7,

1
t—s

1
1epet= (-, 2)ll2 < = lIPste( 2) |2 = Pa(s+e) (2, 2)-
Replacing t + ¢, s + € by t, s respectively, we obtain the result. O

Proposition 9.9 For any x,y € X, the function t — pi(x,y) is differentiable in t > 0 and

Oy
Iatpt(ﬂc Y| \/pt/Q T, 2)py/2(Y, )

PRrROOF. By the Chapman-Kolmogorov equation, pi(z,y) = (pi—s(-,x),ps(+,y)) for any s € (0,t), so that
Ope(2,y) = (Opr—s(+, ), ps(+,y)). Thus, applying Corollary 9.8,

Oy 1
(@ ] <l o) ol e < Vo (@ opaly),  0<Vr<t-s.

Taking s = r = t/4, we obtain the result. O

9.5 Proof of Theorem 3.1: (d) = (e)

Recall from [35] Section 1.6 the definition of invariant sets and an irreducible Dirichlet form.
Lemma 9.10 Let X satisfy (EHI). Then & is irreducible.

PROOF. Let A be an irreducible set, and suppose both p(A) > 0 and pu(A€) > 0. Then there exists a ball
B = B(z,R) with u(AN B’) > 0 and p(A°N B’) > 0, where B’ = B(x, R/2). Since P14 = 14 it follows
that u =14 and v = 1 4c are harmonic on B. So by (EHI) we have

i(x) < Cufy), zyeB.

Since u > 0 on a set of positive measure, we have that there exists x € B’ with a(x) > 0; hence by the
(EHI), @ > 0 on B’. But as & = 14 p-a.e., we deduce that u(A°N B’) = 0, a contradiction. O
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Proposition 9.11 Let X satisfy (EHI), and B = B(z, R). Then Gg < oo on B if g € L1 (B).

PrROOF. (sketch). Consider the Dirichlet form £p with domain Fp = {f € F : flge = 0}. Let A =
B(z,R/2) and h(z) = P*(T4 < 7). Then h is excessive with respect to Ep. If h were constant on B then
we would have h = 1 on B, and the set B would be an invariant set for £. Thus h is non-constant.

So by Ex. (4.22), p. 89 in [21], we deduce that the killed semigroup P/? is transient. Hence (see [35]
Section 1.6) we have Gg < oo for any g € L1 (B, ). O

Lemma 9.12 Let D be a bounded domain in X. Then (EHI) implies that there exists the Green density
gP(-,-) which is continuous on (X x X)\ A, and gp(z,y) = gp(y,x) for all z,y € (X x X)\ A,, where
Ay is the diagonal. Further, there exists C' > 0 such that for any r > 0, if yo,y1 € X satisfy d(yo,y1) > 2r,
then

gp (o, ) < Cgp(yo,y)  Va,y € B(yi,r). (9.7)

PrOOF.  Let xg,x; € D, Choose r > 0 such that B(z;,2r) C D, B(zo,2r) N B(x1,2r) = (. Write

B; = B(x;,2r), B} = B(z;,r). Let f,g € F with supports in Bj and Bf, and [ f = [ g =1. Let Gp be the

Green operator for the process Y killed on exiting D. By Proposition 9.11 we have Gpf < oo, Gpg < oc.
Then if w € F with Suppu C B(z, 2r),

so Gpf is harmonic on Bj. Similarly Gpg is harmonic on By. By the (EHI) if z € B then

Gpf(z) <CGpfly), ye B (9.9)

Similarly
Gpg(z) < CGpg(zo), =z € BY.

So

Now fix g such that C; = Gpg(xg) < oo — such a g exists by choosing g < chg. Then we have Gp f(z1) <
d||f]l1 for all f with support in Bj. Therefore the kernel Gp(z1,dx) has a density gp(z1,y) on B(. Since
(f,Gpg) = (Gpf,g) for f,g € L?, it follows that gp(z,y) = gp(y, ) pu X p-a.e.

Now, take yo,y1 € X that satisfy d(yo,y1) > 2r. For any € > 0 and f € L? with support in B(yo, €r),
similarly to (9.8) we can show that Gpf is harmonic on B(y1,(2 — €)r). Thus, by the same way as (9.9),
we have

Gpf(x) <CGpf(y), =y€ Bly,r). (9.10)

Now let fo(z) = V(yo,rn)*llB(ywn)(z) where er > r, | 0. Applying (9.10) to f, and take n — oo, we
obtain (9.7) for p-a.e. yp. By the usual oscillation argument, we can deduce that gp(x,y) is continuous on
(X x X)\ Ay. Especially, gp(z,y) = gp(y,x) for all z,y € (X x X)\ Ay. We thus obtain (9.7) for all
Yo € X. g

Now let M > 2 be fixed. (In fact, we can take M=2.)

Definition 9.13 (&, F) satisfies (HG) if there exists a constant ¢; > 0 such that for any ball B(xg, R),
there exists the Green kernel gPR(xq,y) and for any 0 < r < R/M, we have

sup  g"R(z0,y) <1 inf  gPR(xo,y). (HG)
y¢B(zo,r) yeB(zo,r)

Lemma 9.14 (EHI) = (HG).
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PrOOF. We prove that if d(xg, z) = d(x0,y) = R, and B(zo,2R) C D then

Cy g (xo,y) < gp(0, ) < Crgn(o,y). (9.11)

Once (9.11) is proved, then (HG) holds by the maximum principle (which holds for Gpf and so for gp as
well). By symmetry it is enough to prove the right hand inequality of (9.11).

Let 2/, ¢’ be the midpoints of v(z, z), and v(zo,y). Thus d(zo,2’) = d(zo,y’) = R/2. Clearly we have
d(z',y) > R/2 and d(z,y') > R/2.

We now consider two cases.

Case 1. d(2',y’) < R/3. Let z be the midpoint of v(z',y’). Then d(z,2') < R/6 < R/4. So applying
(9.7) to gp(wo,-) in B(z',R/4) C B(z',R/2), we deduce that

C5 ' gp(z0,2") < gp(x0,2) < Cagp(z0, 7).
Now apply (9.7) to gp(xo,-) in B(z, R/2) C B(z, R), to deduce that

Cy 'gp(wo,2) < gp(m0,2") < Cagp(mo, ).
Combining these inequalities we deduce that

Cy *gp(w0, ) < gp(w0,2) < C3gp (0, ),

and this, with a similar inequality for gp(zo,y), proves (9.11).
Case 2. d(2',y') > R/3. Apply (9.7) to gp(y,-) in B(xg, R/2) C B(zg, R), to deduce that

Cytgp(y, 2') < gnly, x0) < Cagp(y,z'). (9.12)
Now look at gp(a’,-). If 2/ is on y(v/,y) with d(v/,2") = s € [0, R/2] then as d(2',y') > R/3 and d(z/,y) >
R/2 we have d(2’,2') > max(R/3 — s, s). Hence we deduce d(z’,2") > R/6. So applying (9.7) repeatedly to
gp(a’,-) for a chain of balls B(z', R/12) C B(z', R/6) we deduce that
Gy gp(',y') < gp(a',y) < C3gp(a’y). (9.13)
So, we obtain from (9.12) and (9.13),
gp(y,x0) < Cagp(y,a') < Cigp(a',y), gp(2',y') < Cogn(y,a’) < C3gp(y, xo0).

We have similar inequalities relating gp(z, z¢) and gp(2’,’), which proves (9.11). O

Lemma 9.15 Assume that (£,F) satisfies (HG).
1) For any ball B(xzo, R) and for any 0 <r < R/M, we have

sup  g"%(z0,y) < R(By, B) < inf gPR(xo,y). (9.14)
y¢B(xo,r) yEB(zo,r)

2) Let By = B(zg, M*r) for k =0,1,---. Then, for any integers 0 < m < n,

n—1
sup g% (x0,y) < Y R(By,Bf,y) = inf g% (0,). (9.15)

ProoOF. For 1), first the following is standard (see for example (4.7) in [41]).

sup  g"%(zo,y) > R(Br,By) > inf  gPR(zo,y).
y¢B(xo,r) yEB(zo,r)
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Thus, using (HG), we obtain (9.14).
For 2), note first that the following holds by the definition of resistance

n—1

> R(B, Biy1) < R(Bm, BY,).

k=m

This and (9.14) implies the lower bound for inf gZ in (9.15). Next, by the reproducing property of g%, we
know that gB*+1(x,-) — g% (x,-) is a harmonic function in Bj. Thus,

gP(z,y) — gP*(2,y) < sup g%+ (2, 2) < eR(By, Brt1), Wy € X, (9.16)
Z%Bk

where the first inequality is by the maximum principle and the second inequality is by (9.14). For y ¢ B,
by (9.14)
gBerl (337 y) S C/R(Bmv Bm-l—l)- (917)

For such y, adding up (9.17) with (9.16) for m < k < n, we obtain the upper bound of sup g in (9.15). O

Proof of (VD) + (EHI) + (RES(¥)) = (E(V)).
B[y, = / 9P (20, y)du(y) > / 65 (20, y)dpi(y) > cR(By, BR)V (z0,7) > cU(R),
B(zo,T)

where we used Lemma 9.15 1) in the second inequality and (VD) + (RES(¥)) in the last inequality.
Now, for each k € Z, let r, = M*, B), = B(x,r}) and let ng be the minimum number such that R < Tng -
Then

E®[rp,] < E™[TB(ay )] = / g5 (z0,y)dp(y)

0
no—1 no—1 no—1

B mz—:oo/erl\Bm " (@o.y <cm2_:m(z Bk’Bk—H) (Bm+1\ Bm)
no—1 no—1

=2 | > (Bra \ Bon) )R(By. Bi) = D p(Bra)R(Br, Bi)
k=—00 m=—00 oo
no—1

< Y Wikn) < U(R),
k=—00

where we used Lemma 9.15 2) in the second inequality and (VD) + (RES(¥)) in the third inequality. We
thus obtain (E(V)). O

9.6 Proof of Theorem 3.1: (b) = (a)

Fix 7o € X and for R > 0, let Bg := B(zo,R). Let Fp, = {u € L*(X,u) : u = 0 p-a.e. on B} and
consider the part of the Dirichlet form (€, Fp,) (see [35] Section 4.4). Let {PPR} be the corresponding
semigroup.

Lemma 9.16 There exists a version of the heat kernel pL= (x,y) for {PPR} and, for each e1,e9 € (0,1),

there exists ¢z, ¢, > 0 such that
Cer,e2

Br >
pt (w,y) - V(.%'O,ElR),

for all x,y € B(xg,e1R) and e2¥(R) <t < ¥(R).
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PrRoOOF. First, define
ptBR(xa y) = pt(x7 y) - Ez[pthBR (YTBRvy)7 TBr S t]a (918)
where Y; is the diffusion process corresponding to (£,F) and 7p, = inf{t > 0:Y; ¢ B(zo, R)}. Then, it is
easy to check, using the strong Markov property, that p? R(x,y) is a version of the heat kernel for {PtBR}.
The proof of (9.18) is now a standard argument (see, for example, Lemma 5.1 in [34]). O
Let dv = dt ® du, H = L>(R' x X,dv) and F = {u : R' — F : A(u,u) + Hu||,2H < oo} where
A(u,u) = [pr E(ult,-),u(t,-))dt. Let Ff={u:R} = F*: Jr llutt, -)||‘27_-*dt+ HU||'2H < oo}, where F* is the
dual of F in the sense F C L?(X, ) C F*. Note that F C H = H* C F*. Let

~ - Ou -,
E(u,v) = (u,%)y+¢4(u,v) if ue F,veW,

where (u,v), = f]Rl Jx uvdpdt. Let {Y;(x)} be the diffusion process corresponding to (£,F). Then the
semigroup corresponding to £ can be written as Pyu(to, zo) = E[u(to +t, Yi(z0))] so that the corresponding
generator is % + L (the corresponding diffusion is Z; = (¢,Y}:)), whereas the dual semigroup {Pt} can be
written as Pau(to, zo) = E[u(to—t, Yi(x0))] and the corresponding generator is —% + L. (See [71] for details.)

Lemma 9.17 Let u be a non-negative solution of the heat equation on Q := I x G, where I = (a,b) and G
is an open connected subset of X. Then u(t,x) > [ pf (x,y)u(s,y)du(y) p-a.e. x and all 0 < s <t where
B cca.

PrROOF. The claim is equivalent to (u — Ptcisu)(t, x) >0 for all (t,x) € Q and all 0 < s < t.

Let a > 0. Then, ga(u, g) > 0 for all non-negative g € fQ. So, for any non-negative a-excessive function
(w.r.t. (€,Fq) —see [71] Section 4.3, for a discussion of excessive functions in the parabolic case) v € Fq,
we have

(u—e PRuv), = (u,v—e *P%),

= (ug,v — e **P), + (Hou,v — e~ P%),

S S

> (ug,v — e *PR), = E(u,GGv — e~ PRGY), =: I,

s

where u = uq + Hgu is the orthogonal decomposition of u into Fq & H@. (see p. 149 of [35] —the
same proof works for the parabolic case). Here the inequality in the third line is because Hau(:v) =
E*(e”e°u(Zype)) > 0 (due to Lemma 5.1.3 in p. 105 of [71]) and the fact that v is a-excessive (the
definition of excessive functions in [71] is different from that in [35], but the proof of Theorem 2.2.1 in [35] also
establishes equivalent conditions for the parabolic case, too). Since va — e*O‘SPSQ va = fos e*alPledl €
F@ is non-negative on @, I; > 0. Thus u — e*aspsQu > 0 on Q. Since this holds for all & > 0, we have
u > ]%Q u on Q. O

Once these properties are established, then proving (a) is standard; prove the oscillation inequality first
and then use the inequality to establish (PHI(V)). Indeed, the proof of Lemma 5.2 and Theorem 5.4 in [34]
work line by line, with suitable changes of the scaling exponents.

9.7 Proof of Theorem 3.1: (a) = (b)

There is a standard argument, given in [73] and Section 5.5 of [72] which proves that (PHI(¥)) implies (VD),
(PI(¥)), and (HK(¥)). See also [46] for the case U(s) # s?. However, as this argument uses existence and
regularity of caloric and harmonic functions, we will give more complete details of the initial stages of this
argument.
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First, if f € L?(X, u) we have that P.f € D(A), and v(t,z) = P.f(z) is a solution to the heat equation
in X x (0,00). Let z € X, ¢t >0, r = U(t) and f > 0 with [ f = 1. Then applying (¥(¥)) in Q =
(0,4t) x B(z,2r) we obtain

supv < C'inf o.
Q- Q+

Hence if B = B(z,r) then since [ Psf =1

uw(B)supv < C' | v(2t,y)u(dy) < C.
Q- B

Thus for each x € X we have

Pif(x) < c(t)|| fll1.

Given this inequality, we can use the same arguments as in p. 52 of [7] (using the results in [79]) to deduce
the existence of a transition density p;(x,y).

Lemma 9.18 There exist an exceptional set N and a jointly measurable transition density pi(x,y), t > 0,
z,y € (X \N) x (X \N), such that

Pz, A) = /pt(a:,y)u(dy) Vee X\ N,Vt>0,VAe B(X\N),

A
pt(xay) = pt(y7x) v‘r7y7t7
pt-l—s(va) - /ps(afay)pt(%z)ﬂ(dy) Vw,z,t,s.

Since pi(z,y) = Pyjape/2(-, y)(w) it follows that pi(-,y) is a solution of the heat equation. Now take a quasi
continuous modification p¢(x,y) w.r.t. = and use it in the procedure of (4) in [79]. Then, by Theorem 1
in [79], there exists p;(x,y) which is quasi continuous and satisfies the three equalities in Lemma 9.18. (In
fact, the uniqueness criteria in Theorem 1 in [79] shows that this p(z,y) is the same as the original one.)
Thus it satisfies the (PHI(W)), and so can be extended to (0,00) x X x X as a jointly continuous function.

We now sketch the argument that (PHI(¥)) implies (VD), (PI(¥)), and (HK(¥)). We begin with (VD),
which also gives a key lower bound on the transition density for the killed process. Applying the (PHI(W))

to the function u(t, x) = p(zo, x) in the region Q(zo,0, R) we obtain (writing T' = V(R))

par(x0, z0) < cpar(z0,y), Yy € B(zo, R).

Integrating over B(zg, R) gives

par (2o, o)V (20, R) < C/ u(4T,y) <c, (9.19)
B(zo,R)

which gives an upper bound on par(xg, o) in terms of the volume of balls.
To obtain a lower bound, write By = B(xo, AR), and let ¢ € F be a cut-off function for B;,y C Bs3. Let
p?(x,7) be the heat kernel for the process Y killed on exiting By. Define

(t,2) o(z), x € By, 0<t<2T,
u xTr) =
’ I, Por (@, 9)e(y)u(dy), x € By, 2T <t < AT.

Lemma 9.19 u is a solution of the heat equation in Q(xo,T, R).
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ProoOF. The function us(z,t) = 8t exists for ¢ > 27T, and is zero for t < 27". Since u(x,t) is continuous at
t = 2T for z € B, it is straightforward to check that wu; is the derivative of u in the Schwartz’ distribution
sense.

Since we have u(t,-) € D(A) for all t > 2T, we have for f € F N C(X) with support in By that

/ furdp = —E(f,ult,)),  t>2T. (9.20)

If ¢t < 2T then since uw = 1 on By (9.20) also holds for ¢ < 27". Thus it follows that (3.3) holds. O
We can now, as in [73, 72, 46], use (PHI(¥)) in Q(zo,0, R) to obtain
1 =u(y,2T) < cu(zo,4T) < c/ por(wo,y), vy € B(wo, R). (9.21)
B3

Using (PHI(V)) in a chain of regions Q(y;,t;,r) C [0,4T] x B(xo,4R) we obtain

pgT(an y/) < CpgT(x07y)a y, € B(IEOa 3R)> Yy e B(xov R) (922)

Integrating (9.22) over y' € Bjs gives
|| rtan /(@) < (o, z0)V (oo, 38),
3

and combining this with (9.21), we deduce that
V(z0,3R)™ < eplr(z0,y), v € B(zo,R). (9.23)

The inequalities (9.19) and (9.23) control p¢(x,z¢) from above and below in terms of the volume of balls,
and since t — p(xo,x0) is decreasing one easily deduces, by the same arguments as in [72], that volume
doubling holds.

Given the lower bound (9.23), the proof of (HK(¥)) now follows as in Section 5 of [46] and in the proof
of Proposition 4.1. For the global lower bound one uses (9.23) and a standard chaining argument (Step 5
of the proof of Proposition 4.1). (9.23) gives uniform control of the probability that ¥ exits a ball radius r
before time ¢t = ¥(r), and using this the upper bounds on p;(z,y) follow as in p. 1472-1475 of [46].

We remark that (9.23) also gives a lower bound on the transition density of the process Y reflected at
OB (see [26]). Using this the argument of [73] can be used to obtain (PI()).

Remark. The equivalence (a) < (b) is well-known for manifolds when ¥(s) = s2. For MMD with ¥(s) = s2,
it is indirectly proved in [75]. (There it is proved that each condition is equivalent to (VD) + (PI(2)).) For
MMD with general time scaling, [46] proves the equivalence assuming apriori that solutions to the heat
equation are sufficiently regular. (See also [41] for the case of an infinite connected weighted graph.) We
have proved the equivalence without assuming any apriori condition for solutions to the heat equation.

9.8 Proof of Proposition 4.5

This first step is to use (CS(¥)) to obtain the following weighted Poincaré and Sobolev inequalities, which
will replace (2.5) in the iteration argument in subsection 2.4.

Proposition 9.20 (Weighted Poincaré inequalities) Let I = B(x, s) with s < R. Suppose f and its gradient
are square integrable over I* = B(x,2s). Let fa = p(A)~! [, fdp.
(a) We have

/I Py < a(s/RPUR)( [ ar(s. )+ s / P, (9.24)
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(b) We have
=g < eatsypaim) [ aris ) (9.25)

(c) If J C 1, then
0
/J Py < es(s/R)*U(R) / ar(f, f) / flar)’

(d) We have
/ dy < e4V(xo, R).
B(mo,R)

PRrROOF. (a) Using the definition of v and (3.5),

/1 Py = /1 F2dp+ W(R) /] F2dr(f, f)

/1 Frdp+ cs(s/R)* W (R) /1 (A0 F) + es(s/ RPPURU(s) ™ [ fdp.

IN

Since 3 > 3 > 260, and s < R this implies (a).
For (b), applying (9.24) to f — fr- we have

[ty < ot/ ([ arerop s w6 fokdn). (9.26)
I I* I*
Using (PI(W)) applied to the ball I* we have

[ 4= P < o) [ arrg)

Substituting this into (9.26) gives (9.25).
(c) Now let b= [, fdvy/ [;dvy. Then

[ far = [-vrare [a
[ sepan ([ a) ([ 1a)

7=t un ([ 1f1ar)

IN

IN

Using (9.25) to bound the first term of the above inequalities completes the proof of (c).
(d) follows from (a) by taking s = R and f = 1, and using (VD). O
Our next result is a weighted Nash inequality. Recall that for any set J C X, J* :={y : d(y,J) < s}.

Proposition 9.21 (Weighted Nash inequality) Let s < R and J C B(xo, R) be a finite union of balls of

radius s. Suppose the gradient of f is square integrable over J° and st f?dy < oo. There exist ¢; < 0o and
aq € (0,1) such that

_1/Jf2d7§C1 [m(R)u(J)—l/]S dr(f, f) + (s/R)~ /fzd,y o [u(J)‘l/]|f|d7}2al,
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PROOF. Suppose that 0 < ¢t < s. Using Lemma 9.2, we can cover J by balls B(z;,t) with z; € J so that
any point of J° is in at most Ly of the balls B(z;,2t). Set B; = B(z;,t) N J and B} = B(x;,2t). Then
U;B; = J, U;B* C J*, and ZIU,(B:) < Lou(JS>.

As J is a union of balls, for each i there exists y; so that d(x;,y;) = t/2 and B(y;,t/2) C J. Then by

(9.1),
pu(J) pu(J) R\®
sy < . m < (1) 927
By Proposition 9.20 (c¢), and (9.27)
2 2
| v < ) / REC
< es(t/R)PU(R Z/ dr(f, f) +Z / If\d'v
< /R [ an(n) @) (3 [ rf\dfy)Q
< et/ R [ ai+er o) ( [ ine)
Hence
[ Py < ale/RP A+ (BB, (9.28)
J
where
A= [wEun ™ [ a2 [ Pal s [wo [ ne]

If t > s, (9.28) is obvious.

We choose ¢ so that the two terms on the right hand side of (9.28) are equal. Thus (t/R)%’*® = B/A
(so (t/R)? A = A1=20/(20+e) B20/(20+0)) " and substituting this into (9.28) completes the proof, with a; =
20/(20 + «). Note that if 6 = 1 and o« = d we obtain the powers in the standard Nash inequality. O

It is known that the Nash inequality is equivalent to the Sobolev inequality ([78, 25]). Using the fact,
we obtain Proposition 4.5.

9.9 Proof of (4.27)

Without loss of generality, we multiply u by a constant so that V(z, R)~! [ B(o,R) logv = w = 0. Recall
that v is either u or «~! and define ®(t) = ess supg ) log v.

Lemma 9.22 Let1 > s>t >0. Then
D(s) < 3D(t) +er(s— 1), (9.29)

PrROOF. Fix t and write ® for ®(t). Let co > e satisfy co = 6logce. If ®(t) < ¢o, then

1
(I)(t) + —cC2,

B(s) < B(t) < :

»Jklw

so that (9.29) holds provided ¢; > co/4.

54



Now suppose ® > ¢3. From Proposition 9.20 (d) we have fQ(t) dy < 3V (x0, R). By Proposition 4.9 (b)
and the fact that v? < eP® on Q(t),

/ vPdy = / v2pdw+/ v*Pdry
Q(1) Qt)N{logv>/2} Q(t)N{log v<®/2}

< e2pq)/ d'y—l—epq)/ dry
Q)N {log v>®/2} Q(t)N{log v<®/2}

4 2pd 2pP
< VB +e? [ dy<a(Sr et Vi ).
o Q) ¢

Let p = %log ®, so that e?® = ®2. As ® > ¢y we have p < (2/c2)logecy = % So

pP
V(zo,R)~! / vPdry < c5eP® (1 + e—2>: 2c5eP?.
Q) 2
Therefore by Corollary 4.8,
O(s) = ilog[ess supQ(s)UZP] < ilog [ca(s - t)QV(:UQ,R)l/ vadv}
2p 2p Q(t)

log(cx(s — 1) ~)7 @
Ylos ]—. (9.30)

1
< —log |:C7(S - t)_Clepﬂ = [1 + 5

2p

Without loss of generality we may take c; larger than co. If ®(t) > cy(s — t)~, then by (9.30)
®(s) < 2@(t), and (9.29) is satisfied. If, on the other hand, ®(t) < c7(s — ), then since ®(s) < ®(t), we
have (9.29) satisfied with ¢; = ¢7. O

PROOF OF (4.27). Multiplying u by a constant we can assume fB(xo R) logudyp = 0 as before. Choose
tj =1/(j + 1), so that tp = 1 and ¢; | 0. Then by Lemma 9.22,

(I)(to) %@(tl) + Cg(to — tl)fgl
(3)%®(t2) + calto — 1)~ + Sea(ty — ta) ™o

< (BB (tn) + 2 (3)  tea(tion — 1) T4,

INIACIA

for any n > 0. Since ®(t,,) < ess supp(y, g)logv < oo, and

o0

DG ealtiog —t) ™0 =3 < oo,

i=1

we obtain (4.27). O
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